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Abstract. This is an account of the algebraic geometry of Witt vectors and 
related constructions. The theory of the usual, "p-typical" Witt vectors of 
p-adic schemes of finite type is already reasonably well understood. The main 
point here is to generalize this theory in two different ways. We allow not 
just p-typical Witt vectors but also, for example, those taken with respect to 
any set of primes in any ring of integers in any global field. In particular, this 
includes the "big" Witt vectors. We also allow not just p-adic schemes of finite 
type but arbitrary algebraic spaces over the ring of integers in the global field. 
We give similar generalizations of Buium's formal arithmetic jet spaces, which 
are dual to the Witt vector construction. We also give concrete geometric 
descriptions of Witt spaces and arithmetic jet spaces and investigate whether 
many standard geometric properties are preserved by these functors. 



Introduction 

Let Wn denote a truncated i5- typical Witt vector functor in the sense of [5] . For 
this introduction, let us restrict to the most important case, where E a family of 
maximal ideals with finite residue fields in a Dedekind domain R, and n e N. 
Then Wn is a functor from the category of i?-algebras to itself. We recover the usual, 
p-typical Witt vector functor when i? is Z and E consists of the single maximal 
ideal pZ; we recover the big Witt vector functor when i? is Z and E consists of all 
the maximal ideals of Z. 

The primary purpose of this paper is to extend the functors Wn on i?-algebras 
to functors W* on algebraic spaces over R, for example i?-schemes, and to prove a 
number of basic results about them. The reason for this is to provide a foundation 
for future work on big de Rham-Witt cohomology and, more generally, A-algebraic 
geometry. 

The functor W* is defined as follows. Let AfF5 denote the category of affine 
schemes over S — Speci?. Define a functor Wn - Affg Affs by W„(SpecA) = 
Spec Wn{A), for any i?-algebra A. This functor has two important properties. First, 
a U ^ X and V ^ X are maps in Aff s said cither is etale, then the induced map 

Wn{U XxV)~^Wn{U) XwUX)WniV) 

is an isomorphism. Second, if {Ui — > X)i^i is a covering family of etale maps, then 
so is the induced family (W„(C/i) — ?> Wn{X))i^i. Both of these are consequences of 
van der Kallen's theorem, or rather its generalization to our i?-typical Witt vectors, 
which says that Wn preserves etale maps of i?-algebras. 

It then follows formally that if X is a sheaf of sets on Affg in the etale topology, 
then so is the functor Wn*{X) = X o Wn, thus giving a functor Wn* from the 
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Figure 1. This table indicates whether the given property of al- 
gebraic spaces X over S is preserved by W* in general. The su- 
perscript a means that X is assumed to be locally of finite type 
over S and that S is assumed to be noetherian. Wn denotes the 
p-typical Witt vectors over Z of length n (traditionally denoted 

Wn+l). 

category Sp5 of sheaves of sets on AfFg to itself. Then by a theorem in abstract 
sheaf theory, W„* has a left adjoint W* defined by 

W:i{X) =coljm Wn{U), 

where U runs over the category of affine schemes equipped with a map to X. 
Further, W* agrees with Wn on Affg, once we identify each affine scheme with the 
sheaf in Spg it represents. It is clearly the unique extension of W„ to Sp^ that 
preserves colimits. 

Theorem A. If X € Spg is an algebraic space, then so are W*{X) and W„*(X). 
If X is a scheme, then so are W*{X) and Wn*{X). 

We call W*{X) the Witt space of X and Wn*{X) the arithmetic jet space of X. 
These have been constructed before in certain special cases, essentially proving the 
theorem above in these cases. Langer and Zink [27] (see their appendix) constructed 
the p- typical Witt space of a general Zp-scheme X. For earlier work see Bloch [4], 
Lubkin [28] , and lUusie [23] . Similarly, Buium has constructed j3- typical arithmetic 
jet spaces of formal Zp-schemes. This extends the earlier work of Greenberg [15] [16] , 
who constructed the special fiber. When E consists of more than one prime, Buium 
and Simanca [9] (Defintion 2.16) have constructed arithmetic jet spaces for affine 
schemes and have constructed certain approximations to it in general. 

In fact, everything above is carried out in a slightly more general context --for 
instance, we allow S = Speci? above to be a nonaffine scheme. The main reason 
is to allow 5 to be a nonaffine curve over a finite field. We can often easily reduce 
matters to the afiine case; so this additional generality usually creates no more 
work. 

Preservation of properties by W* 
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Figure 2. Let P be a property of morphisms of algebraic spaces. 

The middle pair of columns indicate whether P is preserved by 
W* and give either a reference to the main text or a counterex- 
ample. The right pair of columns indicate whether the structure 
map W*{X) S must satisfy P when the structure map X ^ S 
does. The superscript a means that X and Y are assumed to be 
locally of flnite type over S; and b means that also S is assumed be 
noetherian. The counterexamples arc for W*, the p-typical Witt 
functor of length 1, with X the spectrum of the given ring and 
y = SpecZ. 



We spend some time looking at whether varioiis properties of algebraic spaces and 
maps are preserved by W* . Rather than state the results formally, I have arranged 
them into charts in flgures 1 and 2. (Note that, as in [5], we use normalized 
indexing throughout. So our p- typical Witt functor Wn is what is traditionally 
denoted Wn+i-) 

Many of these results in the p-typical case are folklore or have appeared else- 
where. (See, for example, Bloch [4], lUusie [23], or Langer-Zink [27].) Perhaps 
the most interesting part of these theorems is that while smoothness over S and 
regularity are essentially never preserved by W* , being Cohen-Macaulay always is. 
As with the work of Ekedahl and Illusie on p-typical Witt vectors of Fp-schemes 
[12] [13] [24], this has implications for Grothendieck duality and de Rham-Witt the- 
ory, but I will not pursue them here. 



Preservation of properties by Wj 
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Figure 3. This tabic indicates whether the given property of 
maps of algebraic spaces over S is preserved by W„* in general. 
The counterexamples are for the p-typical jet functor W^i* applied 
to the map Specj4 — >■ SpecZ, where A is the given ring. See 13.4. 



Results about preservation of properties for the functor W„* are typically easier 

to establish. This is because many standard properties of morphisms are naturally 
expressed in terms of functors of points, and since Wn* is a right adjoint, the functor 
of points of Wn*{X) is easily accessible. Further, it is often easy to extend such 
results beyond the category of algebraic spaces to Spg; this is unlike with W*, 
where we consider only algebraic spaces. 

A number of these results are recorded in figure 3. Because we have W„* {S) = S, 
the preservation of properties relative to 5* is a special case of the preservation of 
properties of morphisms. Again, this is unlike with W*, where we needed the right- 
hand pair of columns in figure 2. I have mostly ignored whether absolute properties, 
such as regularity, are preserved by Wn* ■ This is because such properties are usually 
not preserved by products over S, in which case they would fail to be preserved 
by Wn* for the trivial reason that they are not even be preserved away from the 
primes of E. This is like with W*: properties that are not preserved by disjoint 
unions, like connectedness, are not listed in figure 1. 

Geometric descriptions 

Both W*{X) and Wn*{X) can be described in terms of charts and spaces of the 
form W*{U) and W„*{U) with U affine, where the functors can be described purely 
ring-theoretically, as in [5]. (Note that the meaning of charts is perhaps not the 
expected one in the case of W„*. See 11.6.) But under some restrictions on X, 
it is possible to construct W*{X) and Wn*{X) in purely geometric terms without 
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mentioning Witt vectors or arithmetic jet spaces at all. I will give the descriptions 
here in the typical case when n = 1; the general case is in the body of the paper. 

Let us first consider the Witt space. Assume that X is flat over Z locally at p. 
Let Xq denote the special fiber X xspecZ SpecFp. Then Wi{X) is the coequalizer 
in the category of algebraic spaces of the two maps 

iioF 

Xo^^XuX, 

11 

where ij : Xq X uX denotes the canonical closed immersion into the j-th compo- 
nent oi X uX and F is the absolute Frobenius endomorphism of Xq. For general n, 
the space W*{X) can be constructed by gluing n+1 copies of X together in a similar 
but more complicated way along their fibers modulo p,. . . (Sec theorem 17.3.) 

For the analogous description of the arithmetic jet space, we need to assume 
X is smooth over Z locally at p. Let I denote the ideal sheaf on X x X defining 
the graph of the Frobenius map on the special fiber Xq, and let B denote the sub- 
Oxxx-slgehia, of Oxxx[^/p] generated by the subsheaf Then is 

naturally isomorphic to Spec(B). In particular, the map Wu{X) X x X is afRne 
and is an isomorphism outside the fiber over p. For general n, the space Wn*{X) 
can be constructed by taking a similar but more complicated affine modification of 
(See theorem 18.3.) 

Last, I would like to thank William Messing, Amnon Nccman, and Martin Olsson 
for helpful discussions on some technical points, and Alexandru Buium and Lance 
Gurney for making some helpful comments on earlier versions of this paper. In 
particular, Buium's questions led to 12.8 and all of section 18. 
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Conventions 

This paper is a continuation of [5]. When we need to refer to results in [5], we 
will generally not mention the paper itself and instead simply refer to the subsection 
or equation number. There is no risk of confusion because the numbering of this 
paper follows that of [5] . We will also continue to use the general conventions of [5] . 

10. Sheaf-theoretic foundations 

The purpose of this section is to set up the basic global definitions. The approach 
is purely sheaf theoretic in the style of SGA 4 [1]. 

10.1. Spaces. Let AfF denote the category of afHnc schemes equipped with the ctalc 
topology: a family (Xj — >• X) is a covering family if each Xi — )• X is etale and their 
images cover X. Let Sp denote the category of sheaves of sets on Aff. We will 
call its objects spaces} Any scheme represents a contravariant set- valued functor 
on Aff, and this functor is a sheaf. In this way, the category of schemes can be 
identified with a full subcategory of Sp. 

For any object S G Sp, let Sp^ denote the subcategory of objects over S, and 
let Affg denote the full subcategory of Spg consisting of objects X over S, where 
X is afSne. Define AffRelg to be the full subcategory of Affg consisting of objects 
X whose structure map X — > factors through an affinc open subschcmc of S. 
Observe that the inclusion AffRels — >■ Sp^ induces an equivalence between Spg and 
the category of sheaves of sets on AffRelg, and for convenience, we will typically 
identify the two. (The reason for using the site AfFReIg, rather than the more 
obvious one AfFg, is that the Witt vector functors WR,n depend on the base R\ so 
it is more convenient to use a generating site in which the objects have an affine 
base available without further localization.) In the important special case where 5* 
itself is affine, S = Speci?, we will often write AfFRel_R and Sp^, and of course we 
have AffRels = AfFg. 

10.2. Supramaximal ideals. For the rest of this paper, S will denote a separated 
scheme. (In all applications, S will be an arithmetic curve. The extra generality 
we work in will not create any more work.) Define a supramaximal ideal on S to 
be a finitely presented ([17], (5.3.1)) ideal sheaf m in Os corresponding to either 

(a) a closed point whose local ring Os,m is a discrete valuation ring with finite 

residue field, or 

(b) the empty subscheme. 

When S is affine, this agrees with the earlier definition in 1.2. By far the most 
important examples are ideal sheaves of regular closed points on arithmetic curves 
(curves over finite fields or spectra of rings of integers in number fields) . 

We will generally fix the following notation: Let {ma)aeE denote a family of 
supramaximal ideals of S which arc pairwisc coprime, that is, for all a, j3 ^ E with 
a 7^ /3, we have vXa + xnp = Os. For each a, let qa be the cardinality of the ring 
Os,mc/^a- Finally, n will be an element of N^^) = 0£;N. 



As always with large sites, there are set-theoretic subtleties. So, precisely, let T be a universe 
containing the universe of discourse. The term presheaf will mean a functor from AffReIg to 
the category of T-small sets, and the term sheaf will mean a presheaf satisfying the sheaf con- 
dition. Because AffRels is an T-small category, we can sheafify presheaves. On the other hand, 
the categories of sheaves and presheaves are not true categories because their hom-sets are not 
necessarily true sets, but only T-small sets. A possible way of avoiding set-theoretic issues would 
be to consider only sheaves subject to certain smallness conditions, but to my knowledge, no one 
has pursued this. 
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10.3. Definition of Wg ^ ^{X) and Ws^E,n*{X). Let X = Spec A be an object 
of AfFRelg, and let Speci? be an affine open subscheme of S which contains the 
image of the structure map X ^ S. Then WR^E,n{A) is independent of R, up to 
a coherent family of canonical isomorphisms. (Here we abusively conflate E and n 
with their restrictions to R.) Indeed, let Spec R' be another such subscheme of S. 
Since S is separated, we can assume Speci?' C Spec ii and can then apply (2.5.2). 
Thus we can safely define 

Ws,EAX) = SpecWR,EAA)- 

Now we will pass from X e AffRelg to X e Spg. The functor Ws,E,n preserves 
etale fiber products. Indeed, let /: Spec A' Spec A and g: Spec A" — >• Spec A be 
etale maps in AffRels, and let Speci? be an affine open subscheme of S containing 
the image of Spec A, and hence those of Spec^' and Spec A"; then by 9.3, we have 

Wr^eA^' a") = Wr^eAA') ®Wa,E,r.{A) Wr,eAA")- 

Similarly, Ws,E,n preserves covering families, by 9.2 and 6.9. It follows from general 
sheaf theory (see the footnote to SGA 4 III 1.6 [1], say) that for any sheaf X, the 
presheaf X o Ws,E,n is a sheaf. Let us write 

Ws^E,n* ■ > Spg 

for the functor X i-)- X oWs^E,n- Again by general sheaf theory (SGA 4 III 1.2 [1]), 
the functor Ws,E,n* has a left adjoint 

Ws,E,n- Sps^Sps 

constructed in the usual way. For any afHne open subscheme Spec R of S and any 
i?-algebra A, it satisfies 

(10.3.1) W:s^E.. (Spec A) = I^s,iJ,n(Spec A) - Spec Wr^e^A)- 
By the adjunction between Wn and A„ — , we further have 

(10.3.2) Ws,B,n*(Spec^) = Spec(Afl,£;,„ © A), 

for R and A as above. 

We call Wg ^ ^{X) the E-typical Witt space of X of length n and Ws^E,n*{X) 
the E-typical (arithmetic) jet space of X of length n. We will often use shortened 
forms such as Wg „, W*, and so on. 

(Note that M^s.£;,„ does not generally commute with finite products. For exam- 
ple, sec 9.4. So, despite the notation, Wg ^ ^ is essentially never the inverse-image 
functor in a map of toposes.) 

10.4. Restriction of S . Let j : 5" — > S* be a flat monomorphisni of schemes (espe- 
cially an open immersion or a localization at a point). There are certain isomor- 
phisms of functors 



(10.4.1) w^,^^oj*^j*oWl^ 

(10.4.2) Ws,n* O j* ^j* O Ws',n* 

(10.4.3) iy*^oj,^j,oW^J,_„ 

(10.4.4) Ws',n*oj*^j*oWs,n* 

(10.4.5) j, O Ws',n* ^ Ws,n* O il 



which we will find useful. The map (10.4.1) restricted to the site AfFRelg was con- 
structed in (2.5.3); and it was shown to be an isomorphism in 6.1. It therefore 
induces an isomorphism (10.4.2) on the whole sheaf category Spg, and, by adjunc- 
tion, (10.4.1) on Spg. Similarly, (10.4.3) was constructed on AffRelg/ in (2.5.2); 
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and this induces (10.4.4) on the sheaf category Spg and, by adjunction, (10.4.3) on 
Sps'. 

Finally (10.4.5) is defined to be the composition 

j\ O Ws',„* ^ j\ O Ws',n* O j* O j\ ^^^^ j, O j* O Ws,„* O j, > Ws,n* ° j\ 

where the first map is induced by the unit of the adjunction j\ H j* and the last 
by the counit. Let us show the last map isomorphism. It is enough to show 
that, for any X' G Spg,, the structure map Ws,n*{j\{^')) S factors through 
S'. To do this, it is enough to assume X' = S', and in this case, we will show 
Ws^n*{S') = j\{Ws',n*{S')). It suffices to show this locally on S, by (10.4.4), and 
so we can assume S is affine. Since S is separated, S' is also affine, in which case 
we can apply (2.5.4). 

It will be convenient to refer to the following simplified expressions of the iso- 
morphisms above: 



(10.4.6) W*s,^^iS' xs X) = S' xsWl,,{X) 

(10.4.7) Ws,n*{3*{X')) = ].{Ws',n*{X')) 

(10.4.8) Wl^{X') = iy^,,„(X') 

(10.4.9) Ws',n*{S' y.sX) = S' Xs Ws,n*{X) 

(10.4.10) Ws',n*{X') = Ws,n*{X') 



for X e Sps, X' e Spg,. 



10.5. Restriction of E. Observe that if we let E' denote the support in E of 
n e N(-^\ then we have Ws,E',n = Ws,E,n, and hence Wg^^,^^ = Wg^;^ and 
Ws,E',n* = Ws,E,n*- So without loss of generality, we can assume that E equals 
the support of n and hence that E is finite. (This is no longer true in the infinite- 
length case, but that does not appear in this paper.) 



10.6. Natural maps. Natural transformations between Witt vector fimctors for 
rings extend naturally to natural transformations of their sheaf-theoretic variants 
and, by adjunction, of the arithmetic jet spaces. 

For example, for any partition E = E'uE", the natural isomorphism (5.4.2) 
induces natural isomorphisms 

(10.6.1) WlE",n"iW*s,E',n'iX))^WlEjX), 

(10.6.2) Ws,E,n*^Ws,E',n'*{Ws,E",n"*{X)), 

for any X G Sp^. 

Similarly, the natural projections Wn+i{A) — > Wn{A), induced by the inclusion 
A„ C An+i, further induce natural maps 

(10.6.3) w:{X)^W:^,{X), 

(10.6.4) Wn+i,{X) ^^Wn,{X), 

which we usually just call the natural inclusion and projection; and the natural 
transformations tl>i of (2.3.7) induce natural maps 

(10.6.5) Wn+^4X)^Wr,,iX), 

(10.6.6) W^iX) ^ W:+,{X). 
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The affine ghost maps Wi : Wn{A) — > A (for i = 0, . . . , n) and w^n ■ Wn{A) — 
^[o,n] of (2.3.3) and (2.3.4) induce general ghost maps 

(10.6.7) X ^ W:{X), 

(10.6.8) Y[x^W:{X), 

[0,n] 

and, by adjunction, the co-ghost maps 

(10.6.9) Wn*iX)^X, 

(10.6.10) Wn.{X) X^"-"l 

Observe that if every ideal in E is the unit ideal, then w^n and K^n are isomor- 
phisms, simply because they are induced by isomorphisms between the site maps, 
by for example 2.6. 

When E consists of a single ideal m, the reduced afSne ghost maps w)„ : Wn {A) 
A/m"+^j4 of (4.6.1) extend similarly to natural maps 

(10.6.11) SnXsX ^W:{X), 

where 5„ = SpecOs/m"+^. Indeed, both sides commute with colimits in X, and 
so, since every X E Spg is the colimit of the objects of AffRelg mapping to it, the 
maps in the affine case naturally induce maps in general. 
Let Kn denote the reduced co-ghost map 

(10.6.12) «„: Sn xs Wn*{X) ^ W*W„*(X) ^ X, 

where e is the counit of the evident adjunction. 

Finally, we have natural pletliysm and co-plethysm maps 

(10.6.13) w:;,w:{x) ^ i^*+„(x), 

(10.6.14) Wm+n*{X)^Wn*Wm*iX), 

which are induced by (2.3.5). 

10.7. Proposition. If X is affine, then so is W*{X). 

Proof. First observe that the case where S is affine is covered by (10.3.1). 

For general S, we will apply Chevalley's theorem (in the final form, due to 
Rydh [30], Theorem (8.1)), to the ghost map u>^„ of (10.6.8). To apply it, it is 
enough to verify that ]J[q X is affine, that W*{X) is a scheme, and that w^n is 
integral and surjective. 

The first statement is clear. Let us check the second. Let {Si)i,=i be an open 
affine cover of S. Since W* {X) is the quotient of Si x s W* {X) by the equivalence 
relation Y[. ^ Sj Xs Sk XsW*{X), it is enough to show that each of the summands 
in each expression is affine. And since S is separated, it is enough to show the single 
statement that, for any affine open subscheme S' of S, the space S' Xs W*{X) is 
affine. By (10.4.6), we have S' Xs W*{X) = W§,^^{S' Xs X). Further, because X 
and S' are affine and 5* is separated, S' Xs X is affine. Therefore Wg, „(S" xg X) 
is affine, by the case mentioned in the beginning, and hence so is S" W*{X). 

Now let us check that w^n is integral and surjective. It is enough to show this 
for each base-change map Si x s w^n. By (10.4.6) again, this map can be identified 
with the ghost map „]('S'i X5 X) — >• Wg. ,^{Si Xs X). In other words, we may 
assume S is affine, in which case we can conclude by applying 10.8 below. □ 

10.8. Lemma. Suppose S is affine, S = Speci?. For any R-algebra A, the map 
w^n- Wii^n{A) is integral, and its kernel I satisfies P = 0, where N = 
J2m 
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Proof. We may assume that E equals the support of n, which is finite, and then 
reason by induction on the cardinaUty of E. When E is empty, w^n is an isomor- 
phism. Now suppose E contains an element m. Write E' = E — {m} and let n' 
denote the restriction of n to E' . Then the map w^n factors as follows: 



-4 ^^[0,nm]^ 



[0,n'] 



(5.4.2) 



So it is enough to show w^nm ^^'^ ''^^n' sse integral and their kernels are nilpotent 
of the appropriate degree. For w^n' ) it follows by induction on E. For a, it follows 
by induction on the integer rim, using 8.1(a)-(b). □ 



10.9. Algebraic spaces. We will define the category of algebraic spaces to be the 
smallest full subcategory of Spz which contains Affz and which is closed under 
arbitrary (set indexed) disjoint unions and quotients by ctalc equivalence relations. 
This obviously exists. It also agrees with the category of algebraic spaces as defined 
in Toen-Vaquic [31], section 2. This follows from Toen Vezzosi [32], Corollary 
1.3.3.5, as does the fact that this category is closed under finite limits. (Note 
that [32] is written in the homotopical language of higher stacks, but it is possible 
to translate the arguments by substituting the word space for stock and so on.) 
Indeed, as mentioned their Remark 2.6, their category has the defining closure 
property of ours. 

It will be convenient to use their concept of an algebraic space X being m- 
geometric, m € Z. For m ^ — 1, the space X is m-geometric if and only if it is 
affine, it is 0-geometric if and only if its diagonal map is afEne, and every algebraic 
space is m-gcomctric for m ^ 1. (Again, see [31], Remark 2.6. Note that they 
require m ^ — 1, but it will be convenient for us to allow m < — 1.) In particular, 
for TO > 0, every TO-geometric algebraic space is the quotient of a disjoint union of 
affine schemes by an ctale equivalence relation which is a disjoint union of (to — 1)- 
geometric algebraic spaces. (Note however that the converse is not true: over a field 
of characteristic 0, the quotient group Ga/Z is 1-geometric but not 0-geometric.) 
Let AlgSp„j denote the full subcategory of Sp^, consisting of all disjoint unions of TO- 
geometric algebraic spaces. A map X ^ Y oi spaces is said to be TO-representable 
if for every affine scheme T and every map T — )• y, the pull back X x^^ T is an 
TO-geometric algebraic space. 

This definition of algebraic space also agrees with that of Raynaud-Gruson [29] . 
Indeed, the category of Raynaud-Gruson algebraic spaces contains affine schemes 
and is closed under disjoint unions and quotients by ctale equivalence relations. 
(See Conrad-Lieblich-Olsson [10], A. 1.2.) And conversely, any algebraic space in 
the sense of Raynaud-Gruson is the quotient of a disjoint union of affine schemes 
by an ctale equivalence relation which is a scheme, necessarily separated; therefore 
it is 1-geometric. 

The difference between these two approaches is that Raynaud-Gruson [29] use 
schemes as the intermediate class of algebraic spaces, and Toen-Vaquie use algebraic 
spaces with affine diagonal. The advantage of the second approach is that the two 
steps — going from affine schemes to the intermediate category, and going from that 
to general algebraic spaces are two instances of a single procedure. Thus we can 
prove results by induction on the geometricity to, and so we do not need to consider 
the intermediate case separately. Note however that the induction is rather meager 
in that it terminates after two steps. 
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Finally, a space is algebraic in the sense of Knutson [25] if and only if it is 
quasi-separated and algebraic in the sense above. 

10.10. Smoothness properties of maps. Let us say a map / : X — )• y in Sp is for- 
mally ctalc (rcsp. formally unramificd, rcsp. formally smooth) if the usual nilpotent 
lifting properties (EGA IV 17.1.2 (iii) [22]) hold: for all nilpotent closed immersions 
T — >■ T of afBne schemes, the induced map 

(10.10.1) X{T) ^ X(f ) X y^f) Y{T) 

is a bijection (resp. injection, resp. surjection). 

Also, let us say that / is locally of finite presentation if for any cofiltered system 
{Tiji^i of y-schemcs, each of which is affine, the induced map 

(10.10.2) colimHomy(r„X) — ^ Homy(limr„ X) 

i i 

is a bijection. This definition agrees with the usual one if X and Y are schemes 
(EGA IV 8.14.2.C [21]). 

Wc call a map ctale (resp. unramificd, rcsp. smooth) if it is locally of finite 
presentation and formally etale (resp. formally unramified, resp. formally smooth). 
When X and Y are schemes, all these definitions agree with the usual ones. 

10.11. E-flat and E-smooth algebraic spaces. Let us say that an algebraic space 
X over S is B-flat (rcsp. _E-smooth) if, for all maximal ideals m G E, the algebraic 
space X xsSpecOs.m is flat (resp. smooth) over SpecOs,mj where Os,m is the local 
ring of 5 at m. If E = {m}, we will often write m-flat instead of E-fLat. 

11. Sheaf-theoretic properties of Wn* 

We continue with the notation of 10.2. 

11.1. Proposition. The functor Wn* ■ Spg Spg preserves the following proper- 
ties of maps: 

(a) locally of finite presentation, 

(b) formally etale, formally unramified, formally smooth, 

(c) etale, unramified, sm,ooth. 

Proof, (a): Let {Ti)i^i be a cofiltered system in AfFg mapping to W„*(F), as 
in (10.10.2). The following chain of equalities, which we will justify below, consti- 
tutes the proof: 

Homv^„.(y)(limi T^, W„*(X)) = Homr(W„*(limi T^), X) 

= Homy(limiW„*(TO,X) 

= colimi Homr(W*(Ti),X) 

= colimi Hom^„.(y)(Tj, W„*(X)). 

Equality 2 holds because each W*{Ti) is affine (10.7) and because f : X ^ Y \s 
locally of finite presentation. 

To show equality 1, it is enough to show 

(11.1.1) W:{\imT{) = \imW:{Ti). 

Let {Sj)j^j be an affine open cover of S. Then it is enough to show (11.1.1) 
after applying each functor Sj — . We can then reduce to the case S = Sj, by 
using (10.4.6), the fact that Sj xg — commutes with limits, and the fact that each 
Sj X5 Tj is affine {S being separated). In other words, we may assume S is affine, 
in which case (11.1.1) follows from 6.10 and (10.3.1). 
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(b) : By definition, the map Wn*{X) — )• W„*(F) is formally etale (resp. formally 
unramified, resp. formally smooth) if for any closed immersion T — >■ T of affine 
schemes defined by a nilpotent ideal sheaf, the induced map 

Wn.{X){T)—^WUX){T) x^^^(^)(^) Wn,{Y)(T). 

is bijective (resp. injective, resp. surjective). But this map is the same, by adjunc- 
tion, as the map 

xiw:iT))^x{w:{f)) xy(^.(f)) Yiw:{T)). 

Because f:X — >■ F is formally etale (resp. ...), to show this map is bijective 
(resp. . . . ), it is enough to check that the induced map Wn{T) Wn{T) is also a 
nilpotent immersion of affine schemes. Affincncss follows from 10.7. On the other 
hand, to show nilpotcnce, we may work locally. So by (10.4.6), we may assume S 
and T are affine (since S is separated). Wc can then apply 6.4. 

(c) : This follows from (a) and (b) by definition. □ 

11.2. Proposition. Suppose E consists of one ideal m, and set Sq = SpecOs/vn. 
Let f: X ^ Y be a map in Spg which is formally etale (resp. formally unramified, 
resp. formally smooth). Then the map 

(11.2.1) SoXs Wn*{X) °— 1— SoXs Wn*{Y) X«„,r X 

is an isomorphism (resp. monomorphism, resp. presheaf epimorphism). 

Proof. Let Z be an affine So-scheme. Then Z is an object of AffRelg. We have the 
following commutative diagram: 

RomsiZ, Wn*{X)) ^ > HomsiZ, Wn*{Y) Xy X) 



RomsiW*{Z),X) —^Roms{W*{Z),Y) XHoms(z,r) Homs(^,X), 

where a is induced by (11.2.1), and c and d are given by the evident universal 
properties. The map wq: Z ^ Wn{Z) is a closed immersion defined by a nilpotent 
ideal, by 6.8 and (10.3.1). Therefore, since / is formally etale (resp. formally 
unramified, resp. formally smooth), b is bijective (resp. injective, resp. surjective), 
and hence so is a. In other words, the map in question is an isomorphism (resp. 
monomorphism, resp. presheaf epimorphism). □ 

11.3. Corollary. Let E and So be as in 11.2. Let {Ui — >■ X)i^j be an epimorphic 
family of etale maps in Spg. Then the induced family 

(So Xs Wn*{Ui) ^SoXs Wn*{X)) 

\ / iei 

is an epimorphic family of etale maps. 

Proof. By 11.1, we only need to show the family is epimorphic. By 11.2, each 
square 

SoXs Wn.iUi) > SoXs W„,iX) 



KQOprj 



Koopr2 



U^ >X 

is cartesian. The lower arrows are assumed to form a covering family indexed by 
i G I, and hence so do the upper arrows. □ 

11.4. Proposition. The functor Wn* ■ Sps Spg preserves epimorphisms and 
monomorphisms. 
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Proof. The statement about monomorphisms follows for general reasons from the 
fact that Wn* has a left adjoint. 

Let us now consider the statement about epimorphisms. By (10.6.2), it suffices 
to assume E consists of one maximal ideal m. Let f : X Y he an epimorphism 
in Spg. 

First consider the case where X and Y lie in AfFRelg and / is etale. The map 
Wn*{f)- Wn*{X) Wn*{Y) is also an etale map between objects of AffRels, 
by 11.1 and (10.3.2). Being cpimorphic is then equivalent to being surjective, which 
can be checked after base change to s = Spec Os/m and to S' — s. For S — s, the 
base change ofWn*{X) Wn*{Y) agrees, by (10.4.9), with that of 
which is a cover. On the other hand, over s the map Wn*(/) '■ Wn*{X) — )• W„*(y) 
is a base change of the map /: X Y,hy 11.2, which is surjective. 

Now consider the general case, where f : X ^ Y is any epimorphism of spaces. It 
is enough to show that for any object V G AffRelg, any given map a: V — >■ Wn*{Y) 
lifts locally on V to Wn*{X). Since / is an epimorphism and W^(y) is afEne, and 
hence quasi-compact, there exists a commutative diagram 

(11.4.1) X< Z 

f 

Y< —W*iV), 

where Z e AffRelg, c is an etale cover, and b is some map. Consider the commutative 

diagram 

(11.4.2) Wn.{X) ( '^"^^'^ Wn*{Z) i — Wn*{Z) Xw„,W^{V) V 



Wn,{f) 



pr2 



Wn.{Y) ( '^"^^"^ Wn.W*{V) < V, 

where rj is the unit of the evident adjunction. By the argument above, W„*(c) is 
an etale epimorphism between objects of AfFRelg. Therefore pr2 is the same, and 
hence the map V -)• Wn*{Y) lifts locally to Wn*iX). □ 

11.5. Corollary. Let (7ri,7r2): T ^ X x s X be an equivalence relation on a space 
X G Spg. Then {Wn*{TTi) ,Wn*{'JT2)) '■ W'„*(r) W„*(X) is an equivalence relation 
on Wn*{X), and the induced map 

is an isomorphism. 

Proof. By 11.4, the map Wn*{X) — ^ Wn*{X/r) is an epimorphism of spaces. On 
the other hand, since W„* has a left adjoint, we have 

Wn^X) xw^,ix/r) Wn4^) = Wn^X x^/r X) = W„,(r), 
and so the equivalence relation inducing the quotient W„*(X/r) is W„,(r). □ 

11.6. Remark. These results allow us to present W„*(X) using charts, but not in 

the sense that might first come to mind. For while Wn* preserves covering maps, it 
does not generally preserve covering families. That is, if {Ui)i^i is an etale covering 
family of X with each Ui G AffRelg, then the space W„«(]J-f7j) covers W„*(X), 
but it is usually not true that ]Jj Wn*{Ui) covers it. For example, consider the p- 
typical case with n = 1. On the generic fiber, Wi*{X) is just X x X; and of course 
U^Ui X Ui does not generally cover X x X. In particular, W„*(X) cannot be 
constructed using charts by gluing the spaces W„,(f7,) together along the overlaps 
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Wn*{Uj Xx Uk). This is clearly just a phenomenon of product spaces and has 
nothing to do with Probenius lifts. 

On the other hand, if X is an algebraic space over Spec Os /xn^ , for some integer 
j ^ 0, this naive gluing method does work. This is because for any etale cover 
{Ui)iei of X, the family (Wn*{Ui)) .^j is an etale cover of W„*(X). This is true by 
11.1 and 11.3. See 12.8 for the implications this has for Buium's p-jet spaces. 

11.7. Proposition. The functor Wn^, : Sp^ — )• Sp^ commutes with filtered colimits. 

Proof. By adjunction, this is equivalent to the statement that for any filtered system 
(Xj)jg/ and any T e AfFRels the map 

colimi Hom(iy*(T), Xi) — > Hom(T4^^(T), colim, Xi) 

is an isomorphism. Because W*{T) is affine (10.3.1), it is quasi-compact and quasi- 
separated, and so the proposition follows from SGA 4 VI 1.23(ii) [2]. □ 



11.8. Lemma. Let {St)teT be an open cover of S, let X be an object ofSpg, 
let {Ui)i^i be a cover of X, with each Ui in Sp^. Let J denote the set of finite 
subsets of I, and for each j € J, write Vj = Ujgj Ui. Then {St XsVj)^tj)QTxj a 
cover of X with the property that {Wn*{St xg ^))(( j^g^^xj ^ cover ofWn*{X). 
Further, if the Ui and St are affine, then each St x 5 is an object of 0/ AffRelg. 

Proof. The final statement follows immediately from the assumptions and fact that 
S is separated. Now consider the first statement. 

It is clear that {StXsVj)tj isacoverofX. Let us show that (W„*(5i X5 Vj))^ 
is a cover of W„*(X). By (10.4.9) and (10.4.10), it is enough to consider the case 
where {St)t^T is the trivial cover consisting of S itself. Thus it is enough to show 
that {Wn^{Vj)) . is a cover of W„*(X). 

Observe that we have a natural isomorphism 

(11.8.1) \[Ui = colimj^jVf, 

indeed, both sides have the same universal property. Now consider the commutative 
diagram 

U W^,{Vj) > Wn*{X) 

jeJ 



colim^gj Wn:.{Vj) > Wn* ( colim^g J Vj) ) M^„,(]J Ui), 

iei 

where a and b are the maps induced by the covering maps Vj ^ X and Ui ^ X. 
Then a is an epimorphism because b is, which is true by 11.4. □ 

11.9. Corollary. For any X e Sp^, there exists a cover {Ui)i^i of X, where each 
Ui is an object o/AffRels, such that (W„*(f7,))i£/ covers W„*(X). 

11.10. Proposition. The functor Wn*. Spg — )• Spg preserves 

(a) quasi- com,pactness of objects, 

(b) quasi- separatedness of objects, 

(c) quasi- compactness of maps, 

(d) quasi- separatedness of maps. 
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Proof. Let X be an object in Sp^. 

(a) : Suppose X is quasi-compact. Let {Ui)i^i be a finite family in AffRelg which 

covers X . (Such a family exists, because the large family of all morphisms from 
objects of AffRels to X covers to X, and therefore has a finite subcover, because 
X is quasi-compact.) Then the space U = Ujgj Ui is affine. By 11.4, the map 
Wn*{U) Wn*{X) is an epimorphism. Since Wn*{U) is affine, it is quasi-compact. 
It follows that Wn*{X) is quasi-compact (SGA 4 VI 1.3[2]). 

(b) : Suppose X is quasi-separated. Then for any cover {Ui)i^j of X, with each 
Ui E AfFRels, each space Ui Xx Uj is quasi-compact. Therefore, by (a), each space 
Wn*iUi) 'Xw^.ix) Wn^^iUj) = Wn*{Ui Xx Uj) IS quasi-compact. By SGA 4 VI 
1.17 [2], this implies that Wn*{X) is quasi-separated as long as we can choose the 
cover {Ui)i^i such that (W„*(f/j))i£/ is a cover of W„*(X). This is possible by 11.9 
below. 

(c) : Let / : X — > F be a quasi-compact map of spaces. As above, by 11.9, there 
exists a cover {Ui)iei of F, with each Ui € AffRels, such that {Wn*{Ui))i^i is an 
affine cover of Wn*{Y). It is then enough to show that each Wn*{Ui) Xvk„.(v') 
Wn*{X) is quasi-compact (SGA 4 VI 1.16 [2]), but this agrees with Wn*{Ui Xy X). 
Now apply (a). 

(d) : Let /: A" — > y be a quasi-separated map of spaces. By definition, its 
diagonal map A/ is quasi-compact. By (c), so is the map W„*(A/), and this agrees 
with the diagonal map of W„*(/). □ 



We continue with the notation of 10.2. 

12.1. Theorem. Let X be an algebraic space over S. Then Wn*{X) is an algebraic 

space. If X is a scheme, then so is Wn*{X). 

For the proof, see 12.5 below. Observe that when X is quasi-compact and 
has affine diagonal (e.g. is separated), as is often the case in applications, the 
algebraicity of Wn*{X) follows immediately from 11.5 and 11.1. Thus, for the part 
of the theorem asserting that Wn* {X) is an algebraic space, all the work below is 
in removing these assumptions. 

12.2. Proposition. For any spaces X,Y E Spg, the diagram 



where j: X ^ XuY denotes the canonical summand inclusion, is cartesian. 

Proof. It is enough to show that for any object T € AffRelg, the functor Hom(T, — ) 
takes the diagram above to a cartesian diagram. By adjunction, this is equivalent 
to the existence of a unique dashed arrow making the diagram 



12. Wn* AND ALGEBRAIC SPACES 



>(XuF)[°'"l, 



^W:{T) 



[0,n] 




commute, for any given vertical arrows making the square commute. It is therefore 
enough to show W*{T) x x uy Y = 9. 
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To do this, we will show that if there exists a map U — >■ W*{T) XxuyY, where 
U is an affine scheme, then U is empty. Pulling back such a map by w^n, we get a 
map 

( U Xvy^(T) U^{l[T) Xw^^T) W::iT) X^XuY) Y. 
[0,n] [0,n] 

By the commutativity of the square above, the right-hand side is empty. Therefore 
the left-hand side is empty. But since w^n is a surjective map of (afiine) schemes 
(by 10.8 and (10.3.2)), U must be empty □ 

12.3. Remark. It follows from 12.2 that ]J. Wn*{Xi) is a summand of VF„«(]J. Xi). 
In all but the most trivial cases, the two will not be equal. See 11.6, for example. 

12.4. Lemma. If X is a disjoint union in Spg of objects in AffRels, then so is 
Wn.{X). 

Proof Let {Xi)i^j be a family of objects in AffRelg such that X = Yiiei -^i- ^'•'^ 
any function h: [Q,n] — >■ /, write 

me[0,n] 

Then we have 

h 

where h runs over all maps [0,n] — > I. Therefore it is enough to show that the 
prc-image of each X'^ under the map W„*(X) Xl*^'"! is a disjoint union in 
Spg of objects in AffRel5. 

Since this preimage lies over X^, and hence over X^(q), it lies over an afhne open 
subscheme S' of S. Therefore it is enough to show that this preimage is affine. 

Let us first do this when / is finite. Because X^ lies over S", we have 

(12.4.1) X'' XxIO,.] Wn4X) = X'' X;f[„,„] {Wn,{X) Xs S'). 

Since / is finite, X is aflttnc, and hence so is X^ . On the other hand, W'n*(X) Xs S' 
is affine, by (10.4.9) and (10.3.2). Therefore the left-hand side of (12.4.1) is affine. 

Now suppose I is arbitrary. Let J denote the image of h, and write Y = Ujg j Xi. 
Then the map X'* ^ Xl"'"! factors through the map : ^ XlO'"' induced 

by the summand inclusion j : Y ^ X. Therefore by 12.2, the right-hand square in 
the digram 

X'' XyloM Wn.{Y) Wn.{Y) ) Wn*{X) 

is cartesian. Thus X'^ Xxio.r,] W„,(X) agrees with X'^ x-^[o,n] W„*(F), which is 
affine by the case proved above and the fact that Y is affine. □ 

12.5. Proof of 12.1. Let us first show that Wn*{X) is an algebraic space. We will 
show by induction on m that if X is m-geometric, then W„^,(X) is an algebraic 
space. If m = —1, then X is affine and so we can apply (10.3.1). So now assume 
TO 5^ 0. 

Let {Ui — > X)i(zi be an etale cover with each Ui € AfFRels. Write U = Uig/ ^i- 
Consider the diagrams 

U XxU^^U >X. 
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and 

Wn.iU XxU) \ Wr^.iU) > Wn.iX). 

By 11.5 and 11.1, the space Wn*{U Xx U) is an etale equivalence relation on 
Wn*{U) with quotient W„*(X). Since the category of algebraic spaces is closed 
under quotients by ctalc equivalence relations, it is sufficient to show that Wn*(U) 
and Wn*{U XxU) are algebraic spaces. This holds for two reasons. First, U (resp. 
U Xx U) is a disjoint union of — 1-geometric (resp. (m — l)-geometric) algebraic 
spaces. Second, for k ^ m — 1, the functor applied to a disjoint union of 
fc-geometric algebraic spaces is an algebraic space. Indeed, if A: = — 1, this follows 
from 12.4; if fc ^ 0, then a disjoint union of fc-geometric algebraic spaces is itself a 
fc-gcomctric algebraic space, and so it follows by induction. 

Now suppose X is a scheme. To show that is a scheme, we may assume, 

by (10.6.2), that E consists of a single ideal m. Since W„*(X) is an algebraic space, 
it is enough to show it has an affine open cover. Further, it is enough to show that 
S' Xs Wn*{X) is a scheme for all sufficiently small affine open subschemes S' of S; 
and since we have 5' Xs Ws,n*{X) = Ws',n*{S' Xs X), by (10.4.9), we can simply 
assume that S = Spec R for some ring R, and that the ideal m of is generated 
by a single element tt. 

Let {Vi)iQi be an affine open cover of X. For any 5-space Y, write Y' = Y Xg 
Spec i?[l/7r]. Then each is an affine open subscheme of X. Further, the schemes 
^/o Xs ■■■ Xs V-^ cover the product (X')f°'"] = X' xg ••• Xs X', which agrees 
with Wn^{X') and hence W„*(X)' (by (10.4.9)-(10.4.10)). So all that remains is to 
show the fiber of W„* (X) over m can be covered by open subspaces that are affine 
schemes. 

By 11.3, the fiber is contained in IJjgj W„*(Vi). Since each Vi is affine and each 

map Vi ^ X is an etale monomorphism, each Wn*{Vi) is affine (10.3.2) and each 
map Wri*(Vi) — >■ Wn*{X) is an etale monomorphism, by 11.1 and 11.4. □ 

12.6. Corollary. Let X be an E-smooth (10.11) algebraic space over S. Then 
Wn*{X) is an E-smooth algebraic space over S. In particular, it is E-flat. 

Proof. By 12.1, we know Wn*{X) is an algebraic space. Now let us show it is 
smooth locally at all maximal ideals of E. By (10.4.9), we may assume that X 
is smooth over S. Then apply 11.1 and the fact that smoothness for a map of 
algebraic spaces implies flatness. □ 

12.7. Ty„* does not generally preserve flainess. For example, consider the p-typical 
jets of length 1. Let A = Z[x]/{x'^ — px), which is flat over Z (and happens to be 
isomorphic to W^i(Z)). Then 

Z[l/p] ®z (Ai A) = Ai (Z[l/p] ®A) = {Z[l/p] Af^ = Z[l/p]2x2. 

But a short computation shows 

Ai A = Z[x, 6]/{x^ - px, 2x^6 + pS^ - x^ - p5 + p^'^x^), 

and hence 

Fp 0z (Ai A) = Vp[x, 5]/{x'^). 

So Spec(Ai A) has one irreducible component lying over SpecFp. In particular, 
it is not flat locally at p. 

It would be interesting to find a reasonable condition on X that is weaker than 
smoothness over S but still implies fiatness of W„*(X) over S. 



18 



J. BORGER 



12.8. Relation to Greenberg's and Buium's spaces. In the case S = SpecZp and 
E = {pZp}, our arithmetic jet space is closely related to previously defined spaces, 
the Greenberg transform and Buium's p-jet space. 

Let X be a scheme locally of finite type over Z/p"+^Z. Then the Greenberg 
transform Gr„+i(X) is a scheme over Fp. (See [15] [16], or for a summary in modern 
language, [6] p. 276.) It is related to the Wn*{X) by the formula 

(12.8.1) Gr„+i(r) = Wn.{Y) XspecZ, SpccFp. 

This is simply because they represent, almost by definition, the same functor. 

On the other hand, for smooth schemes Y over the completion R of the maximal 
unramified extension of Zp, Buium has defined p-jet spaces J" {¥), which are formal 
schemes over R. (See [7], section 2, or [8], section 3.1.) His jet space is related to 
ours by the formula 

(12.8.2) J"{Y) = Wn4y), 

where Y denotes the colimit of the schemes Y Xgpecz SpecZ/p'^Z, taken over m 
and in the category Spg. Indeed it is true when Y is affine, by 3.4, and it holds 
when Y is any smooth scheme over R by gluing. As mentioned in 11.6, the gluing 
methods used to define W„* and J" are not the same in general, but here Y is 
p-adically formal; so they agree by the discussion in 11.6. 

The following consequence of (12.8.2) is also worth recording: if X is a smooth 
scheme over Zp, then we have 

(12.8.3) J'^iX xspecz, Spec^) = W„*(X) Xgpfz, Spf ^. 

13. Preservation of geometric properties by W„* 
We continue with the notation of 10.2. 

13.1. Etale-local properties. Recall that a property P of algebraic spaces over S 
is said to be etale-local if the following hold: whenever X satisfies P, then so does 
any algebraic space Y which admits an etale map to X; and if {Ui)i^i is an etale 
cover of X such that each Ui satisfies P, then so does X. 

A property P of maps of algebraic spaces is said to be etale-local on the target 
if for any map /: X Y the following hold: whenever / satisfies P, then so does 
any base change fv ■ X Xy V ^ V with V ^ Y etale; and if {Vj)jQj is an etale 
cover of Y such that each base change /v, satisfies P, then so does /. 

Such a property is said to be etale-local on the source if, in addition, the following 
hold: whenever / satisfies P, then so does any composition [/ — >■ X — >■ F with 
U ^ X etale; and if {Ui)i^i is an etale cover of X such that each composition 
Ui ^ X ^Y satisfies P, then so does /. 

13.2. Proposition. Let P be a property of maps f : X ^ Y of algebraic spaces 
which is etale-local on the target. For Wn* to preserve property P, it is sufficient 
that it do so when E consists of one principal ideal, S is affine, and Y is affine. 

If property P is also etale-local on the source, then we may further restrict to the 

case where X is affine. 

The argument is the same as the one given below for 16.3, except that one takes 
affine etale covering families that remain covering familes after the application of 
Wn* (these exist by 11.9), and one uses the easy fact that Wn* preserves fiber 
products instead of the more difficult 15.2(c). Since the details are given in 16.3, 
we will omit them here. 

13.3. Proposition. The following (target-local) properties are preserved by Wn*: 
(a) affine. 
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(b) a closed immersion, 

(c) locally of finite type, 

(d) locally o f finite presentation, 

(e) of finite type, 

(f) of finite presentation, 

(g) separated, 

(h) smooth and surjective. 

Proof. Let f:X — )• y be such a map. By 13.2, we may assume S = Speci?, 
F = SpecA 

(a)-(b): These are affine properties; so we have X = SpecB, for some A-algebra 
B. By (10.3.2), we have Wn»{X) = Spec A„0S, which is afhne. This proves (a). If 
the structure map Bis surjective, then so is the induced map A„0A A„0B, 
which proves (b). 

(c)-(d): These properties are etale- local on the source, and so we may assume 
X = SpecB, where B is a finitely generated A-algebra. Take an integer m > 
such that there exists a surjection — >■ B. Then the induced map 

(A„ A) (A®™) = A„ (A 0;^ R[xi, . . . , ^ A„ B 

is surjective. Therefore it is enough to show that A„ is finitely generated as an 
i?-algebra. This was proved in 6.10. 

Now suppose that B is finitely presented. Then there exist finitely generated 
A-algebras A' and A" and a coequalizer diagram 

A" \ A' > B. 

This then induces a coequalizer diagram 

An A" ^ A„ A' > An B. 

By (c) , the first two terms arc finitely generated A-algebras; therefore the last term 
is finitely presented. This proves (d). 

(e)-(f): These follow from (c)-(d) and 11.10(c), by definition. 

(g) : Since the diagonal map A/: X ^ X Xy X is a closed immersion, (b) implies 
W„*(A/) is a closed immersion. This map can be identified with the diagonal map 
Wn*{X) — )• Wn*{X) Xi^^_^(y) Wn*{X), and so the result follows. 

(h) : By 11.1, the map Wn*{f) is smooth. By 11.2. it is surjective over Sq = 
SpecO/m, and by (10.4.8), it can be identified away from So with the product map 
X[o,n] _^ y[o,n]^ ^j^j^ij jg gurjectivc. Therefore Wn*{f) is, too. □ 

13.4. Counterexamples. Consider the p- typical case: R = Z, E — {pZ}, where p 
is a prime number. Then a short computation shows 

Ai (Z X Z) ^ Z X Z X Z[l/p] X Z[l/p]. 

So Wn* does not generally preserve any property which the map Z — >■ Z x Z has and 

which at least as strong as integrality: integral, finite, finite fiat, finite etale, 

Also, Wn* does not generally preserve surjectivity (of schemes), because we have 

Ai Zp[x]/{x^-p) = Zp[x,d]/{x^ -p,pd^ + 2xPd + pP-' - 1) 

= QpiVp) X Qp(^/p) 

but Ai Zp = Zp. 

Finally, as shown in 12.7, the map Z — > Z[x]/{x'^ ^ px) becomes non-flat after 
the application of Ai — . So Wn* does not generally preserve any property which 
the map Z Z[x\/{x'^ — px) has and which is at least as strong as flatness: flat, 
faithfully flat, Cohen-Macaulay, Sfe, 
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14. The inductive lemma for W* 

We continue with the notation of 10.2, but we restrict to the case where E consists 
of only one ideal m. The purpose of this section is to establish the following lemma: 

14.1. Lemma. Let X be an object o/ AlgSp^, with m e Z. 

(a) W*{X) is an algebraic space; and for any (m — l)-representable etale sur- 
jection g: U ^ X , where U is a disjoint union of affine schemes, the space 
W*{U XxU) is an etale equivalence relation on W*{U) with respect to the 
map 

(14.1.1) {w:{wi),W:{pv^)): W:{U XX U)^W:{U) x^.(x) W:{U), 
and the induced map 

w:{u)/w:{u XX u)^ w:ix) 

is an isomorphism. In particular, (14-1-1) is an isomorphism. 

(b) For any map g as in (a), the diagram 

U >X 

Wo 

w;{u)—^^w;{x) 

is cartesian. 

(c) The map 

(14.1.2) XxsSo^^^^^W*{X)xsSo 

is a closed immersion defined by a square-zero ideal sheaf, where So denotes 
SpecOs/tn. 

(d) For any object X' e AlgSp^ and any etale map f: X' ^ X, the map 

w:{f): w:{x')^w:{x) 

is etale; and for any algebraic space Y over X , the map 

(14.1.3) {W:{pi:,),W:{pr,}): W*{X' Xx Y)^W*{X') x^^^x) W*{Y) 
is an isomorphism. 

Proof. We will prove all parts at once by induction on m. For clarity, write (a)^ 
for the statement (a) above, and so on. 

First consider the case where m ^ — 1. Here we use the fact that W* preserves 
coproducts together with the analogous affine results: (a)^ follows from (10.3.1), 
9.2, 6.9, and 9.3; (c)^ follows from 6.8; and (d)^^^ follows from 9.2 and 9.3. 

It remains to prove (b),^^. It is enough to assume U and X are affine. Consider 
the map 

a={g,Wo): U ^ X Xw,^^x)W:{U). 
By assumption, the source is etale over X, and by 9.2 so is the target. Therefore 
a itself is etale, and so to show it is an isomorphism, it is enough by 14.3 to show 
that the maps (S" X5 a)^^^ and (5o xg a)^^^ arc isomorphisms, where S' = S — Sq. 
On the one hand, S' Xs a agrees, by (10.4.6), with S" xg — applied to the evident 
map 

[0,n] 

which is an isomorphism. On the other hand, by 6.8, the map (5*0 x a)^^^ agrees 
with bred, where b is the evident map So Xs U ^ So Xs {X Xx U). Since b is an 
isomorphism, so is {So x a)^^^. This proves (b)^ and hence the lemma for m < — 1. 
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From now on, assume m ^ 0. 

(b,)^: First, observe that it follows from the rest of (a) that W*{X) is an algebraic 
space. Indeed, because X is in AlgSp^, there exists a map g as in (a). Assuming 
the rest of (a), we have 

w:{x)9iw:{u)/w:{uxxu), 

and so it is enough to show that W*{U) and W*{U Xx U) are algebraic spaces. 
This follows from (a)^_j because U, U Xx U e AlgSp„_i. 
The diagram 

pi"i f 
U x^rU \ U — ^ X 

Pl"2 

is a coequalizer diagram and, since W* commutes with colimits, so is 

(14.1.4) W:{U XxU) =^ W:{U) W:{X). 

w;:(pr2) 

Thus, all that remains is to show that W*{U XxU) is an etale equivalence relation 
on W*{U) under the structure map (14.1.1). By (d)^_^, the projections W*(prj) 
in (14.1.4) are etale. Let us now show that W*{U XxU) is an equivalence relation. 

Let t denote the map (14.1.1). Let us first show that t is a monomorphism. We 
can view this as a map of algebraic spaces over W^{U) by projecting onto the first 
factor, say. Then since W*{U Xx U) is etale over W*{U), it is enough, by 14.2 
below, to show that txs S' and {t Xs Sq)^^^, are monomorphisms. For txg S' , we 
may assume m is the unit ideal, by (10.4.6); then t agrees with the evident map 

]lUxxU^[\lu)xs[\lu), 

[0,n] [0,n] [0,n] 

which is a monomorphism. On the other hand, by (c)^_j^, the map {tXs Sq)^^^ 
can be identified with Urod, where u is the evident map 

U XxU Xs So — >U xsU Xs So, 

which is a monomorphism. This proves t is a monomorphism. 

Now let us show that W*{U Xx U) is an equivalence relation on W*{U). It is 
reflexive and symmetric, simply because VK^* is a functor and LI Xx U is reflexive 
and symmetric relation on U. Let us show transitivity. 

Write 

ri = UxxU and = W*(?7) Xg W*(?7). 

Then by definition, W,*(Fi) is transitive if and only if there exists a map c' making 
the right-hand square in the diagram 

W*iT, xu Fi) W*{T,) xw*i,u) W*{T^) F2 x^^^u) ^2 

I 

I c' C2 

W*{Ti)> > F2 

commute, where each q is the transitivity map for the equivalence relation Fj. If 

we define t' = (W^(prj), VF*(pr2)), then the perimeter commutes. Therefore it is 
enough to show that t' is an isomorphism. This follows from (d)^^_;^^, which we 
can apply because we have Fi, J7 e AlgSp^_i, as discussed above, 
(b)^: To show that the map 

{g,wo): U^Xxw::ix)W:{U) 
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is an isomorphism, it suffices to do so after applying U Xx —■ We can do that as 
follows: 

U XxU = Uxy^.^u) W*{U Xx U) 

= Uxw^iu) W:{U) x^,^x) W:{U) 
= Ux^,^x)W:{U). 

Equality 2 follows from (a)^^^. Thus it suffices to show equality 1. 

Let h: V U x xU he aja. (m — 2)-rcpresentable etale cover, whore V € AlgSp_i; 
this exists because U XxU € AlgSp„j_i. Consider the following diagram: 

V >U xxU — >U 



W:{V) ^l^lllL^ w*{U xxU) ""^ ) W:{U). 

By (b),^j_j^, the left-hand square is cartesian, since U Xx U G AlgSp,,„_]^. Further, 
the perimeter is cartesian; this is because U and V are disjoint unions of affine 
schemes, and so we can apply (b)_j on each component. Therefore the induced 
map 

(14.1.5) UxxU^Uxw:^(u)W:{UxxU) 

becomes an isomorphism when we apply the functor — Xw^(uxxU) W*{V). But the 
map W*{V) -J> W*{U Xx U) is an etale cover, by {a)^_-y. So this implies (14.1.5) 
is an isomorphism. 

(c) ^: Let g: U X be an (rn— l)-representable etale cover, where U e AlgSp_^. 
Then W*{g) is an etale cover, by (a)^^. Therefore it is enough to show that (14.1.2) 
becomes a closed immersion defined by a square-zero ideal after base change from 
W*{X) to W*(U) — indeed, this is an etale-local property. But by (b)^, this map 
can be identified with 

WQ X idso : U xs So — > W*{U) xs So, 

which has the required property by (c)_j. 

(d) j^j^: Let u' : U' —>■ X' and u: U X he (m — l)-rcprcscntablc etale covers, 
where U' , U G AlgSp_i, such that the map f : X' ^ X lifts to a map h: U' ^ U, 
necessarily etale. Then we have a commutative diagram 

W*{U')^^^^W*{X') 

W*iU')-^^^W*iX). 

By (a)^, all the spaces in this diagram are algebraic, and the horizontal maps are 
etale covers. By (d)_;^, the map W*{h) is etale. Therefore W*{f ) is etale. 
Let us now show that (14.1.3) is an isomorphism. The map 

pr^: W:{X') x^.^x) (F ) ^ W„* (F) 

is etale, because it is a base change of W*(/). The map 

W: (pr^) : W: iX' XxY)^ W*^ {Y) 

is also etale. Indeed, by the above, we only need to verify X' x xY d AlgSp^. This 
holds because AlgSp^ is stable under pull back, by [32], Corollary 1.3.3.5. 

Therefore, we can view (14.1.3), which we will denote t, as a map of etale alge- 
braic spaces over W*(Y). So, to show t is an isomorphism, it is enough by 14.3 to 
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show (t Xs 'S'')j.g(j and {t Xs <5'o)rod isomorphisms. This can be done as in the 
proof of (b): for t xg S', use (10.4.6) to reduce the question to one about ghost 
components; for {txs Sq)^^^, use (c)^. □ 

14.2. Lemma. Consider a commutative diagram of algebraic spaces 

f 

X >Y 




where g is etale. Then the following hold: 

(a) / is a monomorphism if and only if /red is. 

(b) Let Zq be a closed algebraic subspace of Z , and let Z' be its complement. 
Then f is a monomorphism if and only if f Xz Zq and f Xz Z' are. 

Proof. The only-if parts of both statements follow immediately from the fact that 
both closed and open immersions arc monomorphisms. 

(a) : It is enough to show that for any afEne scheme T and any maps a, 6: T ^ X 
such that / o a = / o 6, we have a = b. Then we have /red ° Ored = /red ° ''red- Since 
/rod is assumed to be a monomorphism, we have ared = ^red- Since X is etale over 
Z, we have a = b (EGA IV 18.1.3 [22]). 

(b) : Again, let T be an affine scheme with maps a,b: T — )• X such that / o a = 
fob. Let T denote the equalizer of a and b. It is an algebraic subspace of T. 
By the assumptions on /, we have TxzZo = TxzZo and TxzZ' = TxzZ'. 
Therefore T is a closed subscheme of T defined by a nil ideal. As above, since X 
is etale over Z, there is at most one extension of the Z-morphism T ^ X to T. 
Therefore a = b. □ 

14.3. Lemma. Let f : X ^ Y be an etale map of algebraic spaces, and let Yq be a 
closed algebraic subspace ofY with complement Y' . Then f is an isomorphism if 

and only if {f Xy 5^o)red "''^^ if ^')red 

Proof. The only-if statement is clear. Now consider the converse. It follows from 
14.2 that / is a monomorphism, and so it is enough to show that / is an epimor- 
phism. To do this, it is enough to show that any etale map V ^Y, with V affine, 
lifts to a map V ^ X. Thus, by changing base to V and relabeling Y = V, we may 
assume Y is affine. (The property of being an isomorphism after applying (— )red 
is stable under base change.) Now let iJJi)i^i be an etale cover of X, where each 
Ui is an affine scheme. Then each composition JJ^ — > X — > y is an etale morphism 
of affine schemes, and the union of images of these maps covers Y . Therefore the 
induced map WiUi ^Y is an epimorphism, and hence so is /. □ 

15. W* AND ALGEBRAIC SPACES 

The purpose of this section is to give a number of useful consequences of the 
inductive lemma in the previous section. We continue with the notation of 10.2. 

15.1. Theorem. Let X be an algebraic space over S. Then W*{X) is an algebraic 

space. 

Proof. By (10.6.1), we may assume E consists of one ideal, in which case we can 
apply 14.1(a). □ 

15.2. Theorem. Let f : X' ^ X be an etale map of algebraic spaces over S. Then 
the following hold. 

(a) The induced map W*{f) : W*{X') W*{X) is etale. 
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(b) // / is surjective, then so is W* (/) . 

(c) For any algebraic space Y over X, the map (W*(pri), W*(pr2)) 

W*{X' XX Y) W:{X') x^.(^) W:{Y) 
is an isomorphism. 

Proof. By (10.6.1), we may assume E consists of one ideal. Then parts (a) and (c) 
follow from 14.1(d). For part (b), it is enough, by passing to an etale cover of X', to 
assume X' e AlgSp_i. Then we can apply 14.1(a), because / is 1-representable. □ 

15.3. Corollary. Let {Ui)i^i he an etale cover of an algebraic space X over S. 
Then {W*{Ui)).^j is an etale cover ofW*{X), and for each pair {i,j) € P, the 
map 

w:{Ui XX uj) w:{Ui) x^,^x) w:{Uj) 

given by (W^(prj), W*(pr2)) is an isomorphism. 

In other words, W*{X) can be constructed by charts in the etale topology. 

Proof. Because W* is a left adjoint, it preserves disjoint unions. Then apply 15.1(b) 
to the induced map Y[^Ui ^ X and 15.1(c) to Ui Xx Uj. □ 

15.4. Corollary. Let f: X ^ Y be an etale map of algebraic spaces. Then the 
following diagrams are cartesian, where the horizontal maps are the ones defined 
in 10.6: 

(a) fori& N(^), 

W*{X)^W*^,{X) 
W*{Y)^W*^,{Y)- 

(b) /ori = N(^), 

W*{X) ^W*^,{X) 
W„*(r)^W^„%,(F); 

(c) for i e [0,n], 

X^^W*{X) 

Y^W*{Y)- 

(d) when E = {m} and i e N, 

XxsSn^^W;{X) 
YxsSn^^W*{Y), 



where Sn = SpecCs/m"+i. 
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Proof. By (10.6.1), we may assume E consists of one ideal m. All four parts are 
proved by the same method. Let us give the details for (a) and leave the rest to 
the reader. 

We want to show that the induced map 

is an isomorphism. By 15.2, this is a map of etale algebraic spaces over W*{Y). 
Therefore, to show it is an isomorphism, it is enough by 14.3 to show that (5X5 So)^.^^ 
and {g Xs S')^^^ are isomorphisms, where Sq = Spec05/m and S' = S — Sa- 
lt is easy check that g x g 5" is an isomorphism. Write Xq = X x s Sq, Yq = Y Xs 
So, and let F denote the q-th power Frobenius map. Then the map {g xs So)^^^, 
can be identified with /iredi where h: Xq ^ YoXpi yo is the map induced by the 
diagram 

Xq > Xq 



Yo-^Yo. 

This diagram is cartesian (SGA 5 XV §1, Proposition 2(c) [3]), and so h and /ired 
are isomorphisms. □ 

15.5. Corollciry. Let X be an algebraic space over S. 

(a) Let 

u »y \ Z 

he an equalizer diagram of algebraic spaces over X. If Z is etale over X, 
then the induced diagram 

W:{U) > W;{Y) =^ W*{Z) 

is also an equalizer diagram. 

(b) Let {Yi)i^j be a finite diagram of etale algebraic X -spaces. Then the follow- 
ing natural map is an isomorphism: 

W:{\imi^i Yi) ^ limie, W:{Yi). 

Here the limits are taken in the category of X -spaces. 

Proof, (a): Since the structure map Z ^ X is etale, so is the diagonal map Z — )• 
Z Xx Z. And since U is Y XzxxZ Z, we have by 15.2(c) 

w:{u) = w:{Y) xw;:iz>c.z) w:{z) 

= W*{Y) y■(w*(z)■><„.^x^w^{z)) W*{Z) 

Thus W*{U) is the equalizer of the two induced maps W*{Y) =^ W*{Z). 

(b): To show a functor preserves finite limits, it is sufficient to show it preserves 
finite products and equalizers of pairs of arrows. The first follows from 15.2(c), and 
the second from part (a) above. □ 

15.6. Corollary. Let j : U ^ X be an open immersion of algebraic spaces. Then 
the map W*{j): W*{U) — )• W*{X) is an open immersion. If X is a scheme, then 
so is W*{X). 

Proof. An open immersion is the same as an ctalc monomorphism. By 15.2, W*{j) 
is etale, and so we only need to show it is a monomorphism or, equivalently, that 
its diagonal map is an isomorphism. By 15.2(c), the diagonal map of W*{j) agrees 
with W*{Aj), where Aj is the diagonal map U — >■ U Xx U of j. Because j is a 
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monomorphism, Aj is an isomorphism, and hence so is W*{Aj). Therefore the 
diagonal map of W*(j) is an isomorphism, and so W*{j) is a monomorphism. 

Now suppose X is a scheme. Let {Ui)iizi be an open cover of X. By 15.3, 
W*{X) is an algebraic space covered by the W*{Ui), and by the above, each map 
^n(^j) ^n(^) is an open immersion. Therefore X is a scheme. □ 

15.7. Corollciry. Let X he an algebraic space over S. 

(a) The map w^n '■ IJ[o,n] ^ ~^ ^n(^) surjective and integral, and the kernel 
I of the induced map 

satisfies P'^ = 0, where N = J2m '^n>- 

(b) The map wq - X ^ W*{X) is a closed immersion. 

Proof. All the properties in question are etale- local on W* (X), and hence S. There- 
fore, we may assume that S is afHne, by (10.4.6), and that X is affine, by 15.4(b). 
In this case, (a) was proved in 10.8, and (b) follows from the surjectivity of the 
map wq : Wn {A) A, which follows from the existence of the Teichmiiller section 
(1.21), say. □ 

15.8. Corollary. The functor W* : AlgSp AlgSp is faithful. 
Proof. The map wo is easily seen to be equal to the composition 

X ^ Wn*W*X ^ W*X, 

where e is the unit of the evident adjimction, and kq is as in (10.6.4). Therefore 
by 15.7(b), the map e is a monomorphism. Equivalently, W* is faithful. □ 

15.9. W* is generally not full. For example, if we consider the usual p-typical Witt 
vectors over Z of length n, and if A and B arc Z[l/p]-algebras, then we have 

Eomw^^z){Wn{A),WniB)) = Homz[o.„, (AI"'"!, i?!"'"!) = Rom{A,Bf'"\ 

which is usually not the same as Hom(A, _B). To be sure, the entire point of the 
theory is in applying W to rings where p is not invertible. 

15.10. Corollary. Let f : X ^ Y be an etale map of algebraic spaces over S. Then 
the diagram 

(15.10.1) l^* M/„*(X) ^ W^^+JX) 

w;,w*{Y)^w:;,+„{Y) 

is cartesian, where fix and fiy are the plethysm maps of (10.6.13). 

Proof. We use the usual method, as in 15.4. Let us assume that E consists of one 
ideal m. This is sufficient by 15.2, (10.6.1), and a short argument we we leave to 
the reader. 

By 15.2, the map 

(15.10.2) wxix) ^ w:,+„(x) x^^^jy^ w:,w:{Y) 

is etale, and so we only need to show g Xs S' and {g Xs Sq)^^^ are isomorphisms, 
where = Spec Os/m and S' = S — Sq. 
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Consider g Xs S' first. By (10.4.6), we may assume m is the unit ideal. Then 
diagram (15.10.1) can be identified with the diagram 

[0,m] [0,n] [0,m+n] 



[0,m] [0,n] [0,m+n] 

where each map /i sends component € [0,m] x [0,n] identically to component 
i + j € [0, m + n]. Since this diagram is cartesian, g x s S' is an isomorphism. 

Now consider {g Xs So)^^^- Write (-)' for the functor T h-> (S'o xg T)^^^; thus 
we want to show g' is an isomorphism. Consider the commutative diagram 

w:;,w*{xy (M^*+„(x) x^^^^y^ vy*(F))' 



w^*+„(x)' x^^^jYY w;,w*{Yy, 

where c is the evident map induced by the universal property of products. Since the 
functor (— )' sends etale maps to etale maps, c is etale; also Crod is an isomorphism, 
and so c is an isomorphism. Therefore it is enough to show that b is isomorphism — 
in other words, that diagram (15.10.1) becomes cartesian after applying . 

To do this, it is enough to show that for T — X,Y (or any algebraic space 
over S), the map /Li^: W^W*{Ty — >• VF^_,_„(T)' is an isomorphism. Consider the 
commutative diagram 




If we apply 5*0 x — to this diagram, all maps labeled wq become closed immersions 
defined by square-zero ideals, by 14.1(c). Thus they all become isomorphisms after 
applying (— )', and therefore so does ht- □ 

16. Preservation of geometric properties by W* 
We continue with the notation of 10.2. 

Sheaf-theoretic properties 

16.1. Proposition. Let X be a quasi-compact object of Spg. Then W*{X) is 
quasi- compact. 

Proof. Since X is quasi-compact, it has a finite cover {Ui)i^i by afiine schemes. 
Therefore M^g^ „(]Jj Ui) is affine, and since Wg ^ „(^) is covered by this space, it 
must be quasi-compact. □ 
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16.2. Proposition. Let P be an etale-local property of algebraic spaces X over S. 
For W* to preserve property P, it is sufficient that it do so when E consists of one 
principal ideal and both X and S are affine schemes. 

Proof. When E is empty, W* is the identity functor. Therefore by (10.6.1), it is 
enough to consider the case where E consists of one ideal tn. 

Let X be an algebraic space satisfying property P, and let {Ui)i^i be an etale 
cover of X such that each Ui is affine and lies over an affine open subscheme Si of 
S over which m is principal. Because P is etale local, each Ui satisfies P; and since 
we have Wl.^{Ui) = WJ._„(C/i), by (10.4.8), so does each W*{Ui). But the spaces 
W*{Ui) form an afBne etale cover of W*{X), by 15.2. Therefore W*{X) satisfies 
P. □ 

16.3. Proposition. Let P be a property of maps f : X ^ Y of algebraic spaces 
which is etale-local on the target. For W* to preserve property P, it is sufficient 
that it do so when E consists of one principal ideal, S is affine, and Y is affine. 

If property P is also etale-local on the source, then we may further restrict to the 

case where X is affine. 

Proof. Let / : X — > y be a map satisfying P. As in the proof of 16.2, it is enough 
to consider the case where E consists of one ideal m. 

Let us show the first statement. Let (V^)jej be an etale cover of Y such that each 
Vj is affine and lies over an affine open subscheme subscheme Sj of S on which m 
is principal. Then {W*{Vj)) is an etale cover of W*{Y), by 15.2(b). Therefore 
W*{f) satisfies P if its base change to each W*{Vj) does. By 15.2(c), this base 
change can be identified with 

W: (/y, ):W:iV,XyX)^ W* {V,). 

Since fv- satisfies P, so does Wg, „(/y ), by the assumptions of the proposition. 
By (10.4.8), we have iy*(/yj = W;^'Jfv-), and so iy*(/y,.) also satisfies P. 

Now suppose property P is also etale-local on the source. By what we just 
proved, we may assume Y and S are affine. Let {Ui)i^i be an etale cover of X, 
with each Ui affine. Then each composition Ui ^ X ^ Y satisfies P. Therefore 
so does each composition W*{Ui) W*{X) -> W*{Y). But again by 15.2(b), 
the spaces W*{Ui) form an etale cover of W*{X). Since P is local on the source, 
^^^(7) satisfies P. □ 



Affine properties of maps 

16.4. Proposition. The following (affine) properties of maps of algebraic spaces 

are preserved by W*: 

(a) affine 

(b) a closed immersion 

(c) integral 

(d) finite etale 

Proof. Let / : X — >• F be a map satisfying one of these properties. In particular, 
/ is affine. Because the properties are local on the target, it is enough, by 16.3, 
to assume that both Y and S are affine and that E consists of one ideal m. But 
because / is affine, X must also be an affine scheme. In other words, it is enough 
to show W* preserves these properties for maps of affine schemes. For (a), there is 
nothing to prove, and (b) is true by 6.5. 
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Let US prove (c). Write S = Speci?. Let A be an i?-algebra, and let B be an 
integral A-algebra. Consider the induced diagram 



, 5[0,n] 



Wn{B) 



Since B is integral over A, we know that is integral over A'^'"!. By 8.2, 

^[o>"] is integral over Wn{A), and hence so is and hence so is the image of 

the ghost map But the kernel of w^n is nilpotent; so W„(B) is integral over 

Wn{A). □ 



Absolute properties and properties relative to S 



16.5. Proposition. The following (etale local) properties of algebraic spaces over 
S are preserved by W* : 

(a) locally of finite type over S, 

(b) flat over S , 

(c) flat over S and reduced, 

(d) of Krull dimension d. 

Proof. Because these are etale-local properties, by 16.2 we can write S = Speci?, 
X = Spec^, and E = {nR} with n e R. 

(a) : Let T be a finite subset of A generating it as an i?-algebra, and let B denote 
the sub-i?-algebra of Wn{A) generated by the set {[t] : t G T} of Teichmiiller lifts 
(3.9). It is enough to show that Wn{A) is finitely generated as a B-modulc. By 
induction, we may assume Wn-i{A) is finitely generated. Therefore it is enough 
to show that F"W„(^) is finitely generated. We will do this by showing that the 
subset 

(16.5.1) T = ^V^ [ Yl i"*] I < at < 9" for all i e t} C y"W„(A), 

teT 

where [x] denotes the Teichmiiller lift of x, generates V"Wn{A) as a B-module. 
Indeed, for any monomial fl^ f*, write Ct = btq" + at with < at < g". Then we 
have by (3.9.1) 

K"[n^"] = (nM'')(^-[n^"])- 

t t t 

(b) : Since A is flat over R, the ghost map : W„(A) — > A^"'"! is injective 
(2.6). Since Al"'"! is m-flat (10.11), so is W„(A). But R[ll%\®RWn{A) is also flat, 
because it agrees with (^[l/7r])[°'"l, by (10.4.6). Therefore Wn{A) is flat over R. 

(c) : By (b), we only need to show if A is flat and reduced over R, then W„(A) 
is reduced. Since A is flat over ii, the ghost map w^n'- Wn{A) — is injec- 
tive (2.6). And since A is also reduced, so is Wn{A). 

(d) : The ghost map : Wn{A) ^["^"1 is integral and surjectivc on spectra; 
so the Krull dimension of W„ {A) agrees with that of ^1°'"], which is d. (See EGA 
0, 16.1.5 [19].) □ 

16.6. Counterexamples to relative finite generation and noetfierianness. It is not 
true that W* preserves relative finite generation or presentation in general. For 
example, consider the usual p-typical Witt vectors. Let A = Z[xi,X2, ■ ■ ■], and let 
B = A[t]. It is then a short exercise to show that Wi{B) is not a finitely generated 
IFi(A)-algebra. 
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For another, perhaps niore extreme example, let C = A[t]/{t'^). Then C is 
finitely generated and free as an A-module, but Wi (C) is not finitely generated as 

a Wi(j4)- algebra. 

Noetherianness is also not preserved. If /c is a field of characteristic p, then Wi (k) 
is a local ring with residue field k and maximal ideal isomorphic to fc^/^. Therefore 
Wi{k) is noetherian if and only if k has a finite p-basis. 

16.7. Corollary. The following properties of algebraic spaces over S are preserved 
byW*: 

(a) quasi-compact over S, 

(b) finite type over S. 

Proof. Because these properties are etale local on S, we can assume S is affine, 
by (10.4.6). 

(a) : Since the structure map X ^ S is quasi-compact and S is affine, X is 
quasi-compact. Then W*{X) is quasi-compact, by 16.1. Therefore the structure 
map W*{X) S is quasi-compact, since S is affine. (See SGA 4 VI 1.14 [2], say.) 

(b) : By (a) and 16.5(a). □ 

16.8. Proposition. The following properties of algebraic spaces over S are pre- 
served by W* : 

(a) quasi-separated over S, 

(b) 0-geometric over S (see 10.9), 

(c) separated over S, 

(d) separated. 

Proof, (a): Consider the diagram 

(16.8.1) U[0,„]^^ (U[0,n]^) xs (U[0,„]^) 

W*{X) ^ W*{X) xs W*{X), 

where the horizontal maps are the diagonal maps. Because X is quasi-separated, a 
is quasi-compact, and by 15.7, so is b. Therefore 6o a is quasi-compact, and hence 
so is do c. Now let U be an affine scheme mapping to W*{X) Xs W*{X), and let 
{Vi)iei be an etale cover of the pull back d*{U). Since do c is quasi-compact, there 
is a finite subset J I such that {c*Vj)j^j is a cover of c*d*{U). In other words, 
the induced map v: Ylj^j Vj d*{U) becomes surjective after base change by the 
map c. Because c is surjective (15.7), v must also be. 

(b) : Recall that a map is 0-geometric if and only if its diagonal map is affine 
(10.9). This is equivalent to requiring the existence of an etale cover (JJi)iei of X, 
with each Ui affine, such that Ui Xx Uj is affine. Fix such a cover of X. By 15.3, 
the family {W*{Ui)) .^j is an etale cover of W*{X). Therefore it is enough to show 
that W*{Ui) Xt^.(x) W*{Uj) is affine, for all i,j e /. By 15.2(c), this agrees with 
W*{Ui Xx Uj). Because X has affine diagonal, Ui Xx Uj is affine. Therefore, by 
10.7, so is W*{Ui Xx Uj). 

(c) : Let us first assume that X is of finite type over S. Consider diagram (16.8.1) 
above. To show that d is a closed immersion, it is enough to show that it is a finite 
monomorphism. (It is a general fact the a finite monomorphism of algebraic spaces 
is a closed immersion. To prove it, it is enough to work etale locally, which reduces 
us to the affine case, where it follows from Nakayama's lemma.) Since d has a 
retraction, it is a monomorphism. Therefore it suffices to show that d is finite. On 
the other hand, by 16.7(b), the structure map W*{X) ^ 5 is of finite type, and 
hence so is d. Therefore it is enough to show that d is integral. 
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Since X is separated, a is a closed immersion and, in particular, is integral. Since 
b is integral (by 15.7), 60 a is integral and, hence, so is do c. By part (b), the map 
d is affine. Therefore, by 15.7, the maps c and d can be written etale-locally on 

W*{X)xsW*{X)as 

Spec C Spec B Spec A, 

where the induced ring map B ^ C has nilpotent kernel. We showed above that 
C is integral over A. Therefore B is integral over A. This proves X is separated 
over S when it is of finite type. 

Now consider the general case. Let us show that we can assume X is quasi- 
compact. To prove that is a closed immersion, it is enough to work etale locally. 
Therefore, it is enough (by 15.2(b)) to show that for any afEne schemes U, V with 
etale maps to X, the base change 

w:{u) xw.(x) w:{v)^w:{u) xs w:{v) 

of d is a closed immersion. By 15.2(c), the source of d' agrees with W*{U Xx V). 
Therefore, d' does not change if we replace X with the union of the images of U 
and V . So in particular, we can assume X is quasi-compact. 

Then there exists an afSne S'-map h: X ^ Xq, where Xq is some separated alge- 
braic space of finite type over S. Indeed, since X is quasi-compact and separated, 
by Conrad-Licblich-Olsson [10], Theorem 1.2.2, there is an affine map h' : X Xq, 
where Xq is a separated algebraic space of finite type over Z. Put Xq = S Xz Xq. 
Then the induced map h: X ^ Xq factors as 

X^S XzX^S XzX^. 

The first map is a base change of the diagonal map S ^ S xz S, which is a closed 
immersion, since S is separated. The second map is a base change of h', which is 
affine. Therefore both maps in the factorization above are affine, and hence so is 
the composition h. 

Since Xq is of finite type over S, we can apply the argument above to see that 
W*{Xo) is separated. But W*{X) is affine over W*{Xo), by 16.4(a). Therefore 
W*{X) is also separated. 

(d): This follows from (c) because S is assumed to be separated. □ 

16.9. Proposition. The following properties are preserved by W*: 

(a) finite over S 

(b) faithfully flat over S 

Proof. These are local properties on the target S. So, by (10.4.6) and (10.6.1), we 
can write assume S = Spcci? and E = {m}, for some ring R and ideal m. Away 
from m, the properties are clearly true. Therefore we only need to work locally near 
m, and in particular we can assume m is not the unit ideal. By (10.4.6) again, we 
may further assume R agrees with R^, which is a discrete valuation ring. 
Let X be an algebraic space over S having the property in question. 

(a) : Write X = Spec A. Then W„(j4) is a subring of ^[^'"l, which is finite over 
R because A is. Since i? is a discrete valuation ring, this implies that W„(j4) is 
finite over R. 

(b) : The composition 

Y[x^w;{x) >s 

[0,n] 



is surjective because X ^ S is. Therefore the map W*{X) S is surjective. It is 
flat by 16.5. □ 
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16.10. Corollary. The structure map W*{S) — > S finite and faithfully flat. 

[Check for problems with universal injectivity where I use it earlier. With alge- 
braic spaces U.I. is slightly subtle.] 

Relative properties 



16.11. Proposition. The following properties (etale-local on the target) of maps 
of algebraic spaces are preserved by W* . 

(a) quasi- compact, 

(b) universally closed, 

(c) quasi-separated, 

(d) separated, 

(e) surjective. 

Proof. Let f: X ^ Y he the map in question. By 16.3, we may write S = Speci? 
and E = {m} and we may assume that Y is affine. 

(a) : Since / is quasi-compact and Y is affinc, X is quasi-compact. Then W*(X) 
is quasi-compact, by 16.1. Since W*{Y) is affine (10.7), W*{f) is quasi-compact. 
(SGA 4 VI1.14 [2]) 

(b) : Consider the following square: 

(16.11.1) U[o,n]X ^^W:{X) 

U[oM^ ^W:{Y), 

where Wx and wy denote the ghost maps for X and Y. To show W*{f) 
is universally closed, it is enough to show that wx is surjective and wy o ]J / is 
universally closed. (See EGA II 5.4.3(ii) and 5.4.9 [18].) 

But we know Wx is surjective by 15.7; and wy o f is universally closed because 
/ is universally closed and because wy is integral, by 15.7, and hence universally 
closed. (See EGA II 6.1.10 [18].) 

(c) -(d): Because Y is affine, so is W*{Y), by (10.3.1). Therefore being separated 
or quasi-separated over W*{Y) is equivalent to being so over S. Thus the results 
then follow from 16.8, 

(e): Consider diagram (16.11.1). By 15.7, the map wy is surjective. Since / is 
too, so is U /• Therefore wy o ]J / and hence W*{f ). □ 



16.12. Flatness properties. With the p-typical Witt vectors, say, Wi(Z[a;]) is not a 
flat over Wi(Z). So if P is a property of morphisms which is stronger than flatness 

and which is satisfied by the map Z — > 7i[x], then it is not generally preserved by 
Wn- Examples: flat, faithfully flat, smooth, Cohen-Macaulay, and so on. 

16.13. Proposition. Let f : X ^ Y be a map of algebraic spaces having one of 
the following properties: 

(a) locally of finite type, 

(b) of finite type, 

(c) finite, 

(d) proper. 

Then W*{f): W*{X) W*{Y) has the same property, as long as Y is locally of 
finite type over S. 



THE BASIC GEOMETRY OF WITT VECTORS, II 



33 



Proof, (a): The composition X — )■ F — )• 5 is locally of finite type because the factors 
are. Therefore, W*{X) is locally of finite type over S, by 16.5. In particular, it is 
locally of finite type over W*{Y). 

(b) : Part (a) above plus 16.11(a). 

(c) : Part (b) above plus 16.4(c). 

(d) : Part (b) above plus 16.11(b), (e). □ 

16.14. W* and properness. Some hypotheses on Y are needed in 16.13. For 
example, let / be the canonical projection Py Y , where Y — Spec Z[xi, X2, . . . ]. 
Then / is proper, but VFj*(/) is not (p-typical Witt vectors, say), because it is not 
of finite type. Indeed, the map W^i*(Ay) -> VFj*(Py) is etale (15.2), and hence of 
finite type, but the map W^{A\r) W^{Y) is not (16.6). 

Depth properties 

16.15. Proposition. Suppose that S = Spec R for some ring R and that E consists 
of a single maximal ideal m of R. Let A be a local R-algebra whose maximal ideal 
contains m. Then Wn{A) is a local ring with maximal ideal WQ^{m), where wq 
denotes the usual projection map Wn{A) A. 

Proof. Let / denote ii;^^(m); it is a maximal ideal because Wq is surjective (1.21). 
Let us show that it is the unique maximal ideal. 

Let J be a maximal ideal of W„(A). By 8.2, the map 

u'^„:W^„(A)-^AM 

is integral and its kernel is nilpotent. Therefore, J is the pre-image of a maximal 
ideal of . But every maximal ideal of contains m, because the maximal 
ideal of A docs. Therefore J contains m. But / is the only maximal ideal of Wn{A) 
containing m, because by 6.8, every element of / is nilpotent modulo mW„(A). 
Therefore J = I. □ 

16.16. Proposition. Let S, R, E, m be as in 16.15. Let A be an R-algebra, and let 
p be a prime ideal o/ W„(A). 

(a) //p does not contain m, then there is a unique integer i G [0, n] and a unique 
prime ideal c\ of A such that ^^"^(q) = p. For this i and q, the map 

(16.16.1) A^^Wn{A)p 

induced by Wi is an isomorphism. 

(b) // p does contain m, then there is a unique prime ideal q of A such that 
WQ^{q) = p. For this q, there is a unique map of Wn{A) -algebras 

(16.16.2) w„{A)^-^Wn{A^), 

and this map is an isomorphism. 

Proof, (a): This holds because the map w^n is an isomorphism away from m, by 6.1. 

(b): Any such prime ideal q contains m. Therefore to show such a prime ideal q 
exists and is unique, it is enough to show the map 

id Wo : R/m W„(A) — > R/m Oij A 

induces a bijection on prime ideals. This holds because id (g) wq is surjective with 
nilpotent kernel, by 8.2. 
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Now consider the diagram 



Wn{A) >Wn{A^). 

By 16.15, the ring lV„(Aq) is a local ring. So, to show there is a unique map of 
W„ (A)-algebras as in (16.16.2), it is enough to that p is the pre-image in W„(A) 
of the maximal ideal w^^(m) of W„(^q). This holds by the commutativity of the 
diagram above. 

Now let us show that (16.16.2) is an isomorphism. By induction, we may assume 
that the map 

Wn-l{A)p^Wn-l{A,) 

is an isomorphism. By 4.4, it is therefore enough to show that the maps 



A") '^Wn{A) Wn{A)p > 

are isomorphisms. Write Tp = W„{A) — p and Tq 
identified with the following map of localizations: 



(^q)(n) 

= A — q. Then this map can be 



(16.16.3) 



Wn{Tp)-'A^T-'A. 



Tlam it is enough to show that Tq becomes invertible in Wn(Tp)~^ A. It is therefore 
enough to show (T'q)'?^ c Wn{Tp), which holds by the following. 

We have [Tq] C Tp, where [— ] denotes the Teichmiiller section (of 1.21); indeed, 
if [a;] e p = Wq^{c\), then x = wo{[x]) G q. Therefore, we have 

Wn{Tp)DWn{[T^]) = {T,)<. 



□ 



16.17. Remark. In either case of 16.16, the prime ideal q is the pre-image of p un- 
der the Teichmiiller map t: A ^ Wn(A), t{a) — [a]. In fact, the induced function 
"Spect" : SpecWn{A) — > Spec A is continuous in the Zariski topology. Even fur- 
ther, if we view the structure sheaves on these schemes as sheaves of commutative 
monoids under multiplication, then the usual Teichmiiller map gives "Spect" the 
structure of a map of locally monoided topological spaces. If R is an Fp-algebra, for 
some prime number p, then t is a ring map, and "Spect" agrees with the scheme 
map Spect; but otherwise "Spect" will not generally be a scheme map. These 
statements can in fact be promotied to the etale topology, but there it is necessary 
to work with maps of toposes instead of maps of topological spaces. 

16.18. Proposition. Let S,R,E,m.,A be as in 16.15. Let a\,...,ad € m.A he. a 

regular sequence for A. Then [ai], . . . , [a^] lie in the maximal ideal ofWn{A) and 

form a regular sequence for Wn{A). 

Proof. By 16.15, the maximal ideal of Wn{A) is ^(m^), which contains the se- 
quence [ai], . . . , [ad\. It remains to show that the sequence is regular. 

By (10.4.6). wc can assume R agrees with Rm, and hence that the ideal m is gener- 
ated by an element tt. The argument will now go by induction on n. For n = 0, there 
is nothing to prove; so assume n > 1. For any W„(A)-module M, let ii'v^^(^)(M) 
denote the Koszul complex of M with respect the sequence [ai], . . . , [ad\ € Wn{A). 
If this sequence is regular for M, then iJ'^~^(if^^(^)(M)) = 0, and the converse 
holds if M is finitely generated and nonzero. (See Eisenbud [11], Corollary 17.5 
and Theorem 17.6.) 
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In particular, it is enough to show -ff* ^{K\Y„{A){Wn{A))) = 0. Considering the 
exact sequence (4.4.1) of W„(A)-modules 

^ Wn{A) Wn-l{A) 0, 

we see it is even sufficient to show 

H''-\Kw„iA){A^n))) = H''-\Kw„iA){Wn-i{A))) = 0. 
Observe that we have 

H''-'{K^^iA){Wn-i{A))) = H^-'{K^„_,^A){Wn-i{A))) =0, 

by induction. Therefore, it is enough to prove 7?'^~"'^((i4'n/^(^)(A(„)))) = 0, and 
hence that [ai], . . . , [a^j is regular for This is equivalent to the sequence 

, . . . , G A being regular for A — indeed, the product [a] ■ x, where x £ 
is by definition «;„([a])a;, which equals a'"a;. We complete the argument with the 
general fact that any power of a regular sequence for a finitely generated module is 
again regular ([11], Corollary 17.8). □ 

16.19. Proposition. Let k be an integer. Let X he an algebraic space over S such 
that both X and W*{X) are locally noetherian. Suppose X satisfies one of the 

following properties: 

(a) Cohen-Macaulay, 

(b) Cohen-Macaulay over S, 

(c) Sk (Serre's condition), 

(d) Sk over S. 
Then so does W*{X). 

16.20. Remark. See EGA IV (5.7.1), (6.8.1) [20] for the definition of Cohen- 
Macaulay and Sfe. Typically, these concepts are discussed only for noetherian rings, 
but because W* does not preserve noetherianness, we must assume W*{X) is noe- 
therian. I do not know if it is possible to remove this assumption by extending the 
concept of depth beyond the noetherian setting. If so, maybe even the noetherian 
hypotheses on X could be removed. 

Note that, by 16.5(a), the assumptions hold if S is noetherian and X is locally 
of finite type over S. 

16.21. Proof of 16.19. The properties are all etale-local (EGA IV (6.4.2) [20]). So 
by 16.2, we can write S = Speci?, E = {m}, m = -kR, and X = Spec A. 

(a)-(b): These follow from (c) and (d). 

(c) : At a prime ideal of Wn{A) not containing tt, the local ring agrees with a local 
ring of A (by 16.16), which satisfies Sfc by assumption; so there is nothing to prove. 
Now let p be a prime ideal of PF„(A) containing tt. Let q be the corresponding 
prime ideal of A given by 16.16. Then we have Wn{A)p = W„(ylq), so it suffices to 
assume that ^ is a local ring with maximal ideal q. We can therefore also assume 
that is a discrete valuation ring with maximal ideal 

By 16.18 and 16.5, we have 

depth Wn {A) > depth A, dim W„ {A) = dim A. 

By the definition of Sfe, depth ^4 is at least k or dim^. Therefore depth W„ (A) is 
at least k or dimWn{A). In other words, Wn{A) also satisfies Sfe. 

(d) : By 16.5, W*{A) is flat over R. Away from m, we have W*{A) = 

the fibers over S of which satisfy Sfe. So it suffices to consider the fiber over m. 
Therefore, by 16.16, we can assume that A is a local i?-algebra whose maximal 
ideal contains m. By (10.4.6), we can further assume that ii is a discrete valuation 
ring. We need to show that Wn{A) / TrWn{A) satisfies Sfe. 
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Since A and VF„(y4.) are flat over R, the element w is not a zero divisor in A or 
Wn{A). Therefore we have 

depth W„(^)/7rW„(A) = depth W„(A) - 1 > depth A - 1 = depth A/ n A, 

by 16.18 (and EGA (16.4.6)(ii) [19], say). Further, by 16.5, we have 

dim W„(A)/7rW„(A) = dim W„(A) - 1 = dim^ - 1 = dim A/ n A. 

Because A/ttA satisfies Sk, depth ^4/71^4 is at least k or dimA/TrA. Therefore 
depthH^„(A)/7rH^„(^) is at least k or dim. Wn {A) /irWri {A). In other words, the 
fiber W„(^)/7rW„(^) satisfies Sfe. □ 

16.22. Gorenstein, regular, normal. Consider the p-typical Witt vectors. Then it 
is easy to see that we have 

(16.22.1) W„(Z) = Z[xi,. . .,x„]/{xiXj - p'xj 1 1 < i < j < n), 

with the clement Xi corresponding to V^'(l), where Vp denotes the usual Ver- 
schiebung operator. (See 3.7.) 

This presentation gives some easy counterexamples. The ring Wi(Z) agrees with 
Z[x]/{x'^ — px), which is not normal. So Wn does not generally preserve regularity 
or normality. 

The property of being Gorenstein is also not preserved by W„. Indeed, we have 

Fj, Oz W„(Z) = Fp[a;i, . . .,Xn\/{xiXj 1 1 < i < j < n). 

Therefore the socle of Fp (g)z W,i(Z) (that is, the annihilator of its maximal ideal) 
is the vector space 

FpXi • • • FpXfi if n ^ 1, 

and is Fp if n = 0. Since the sequence {p} of length 1 is a system of parameters in 
W,i {Z) at the prime ideal p containing p, the ring Wn{Z) is Gorenstein at p if and 
only if the dimension of the socle is 1. This holds if and only if n = 0, 1. When 
n = 1, it is even a complete intersection, but it is not normal. (A basic treatment 
of these concepts is in Kunz's book [26] (VI 3.18), for example.) 

17. Ghost descent and the geometry of Witt spaces 

The purpose of this section is to describe the Witt space W* {X) of a flat algebraic 

space X as a certain quotient, in the category of algebraic spaces, of the ghost space 
]JjQ „] X. Wo continue with the notation of 10.2. 

17.1. Reduced ghost components. Suppose E consists of one ideal m, consider the 

diagram 

ilOWn+l 

(17.1.1) Sn xs X I W;{X)uX > W:+^{X), 

where 

— wn+i: Sn XsX ~^W*{X) is as in (10.6.11), 

— ii : W*{X) — > W*{X)uX is the inclusion into the first component, 

— 12 is the closed immersion of 5„ Xs X into the second component, and 

— a„ is r„^i on W*{X) and Wn+i on X, in the notation of (10.6.3). 

When X is affine, this is the same as the diagram in (8.1.1). 

17.2. Proposition. Let X be an algebraic space over S. Then the map a„ is an 
effective descent map for the fibered category of algebraic spaces which are both etale 
and affine over their base. In this case, descent data is equivalent to gluing data 
with respect to the diagram (17.1.1). 
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Proof. Given an etale map [/ — > X with U affine, consider the following three 
categories: the category of afRne etale algebraic spaces over W*_|_i {U), that of affine 
etale algebraic spaces over W*{U)uU with descent data with respect to and 
that of affine etale algebraic spaces over W* (U) u U with gluing data with respect 
to the diagram (17.1.1). As U varies, there are obvious transition functors, and 
these give rise to three fibered categories over the small etale topology of X. 

There are also evident morphisms between these fibered categories, and the 
statement of the corollary is that, for U = X, these morphisms are equivalences. 

By 15.1, all these fibered categories satisfy effective descent in the etale topology. 
Thus it is enough (by Giraud [14], II 1.3.6, say) to assume X is affine, in which 
case the equivalence follows from 8.3. □ 

17.3. Theorem. If X is m-flat (10.11), then (17.1.1) is a coequalizer diagram in 
the category of algebraic spaces. 

Proof. For any space Z over S, write Z„ = Sn Xs Z. 
Let us first reduce to the case where X is affine. Write 

(17.3.1) X = colim;7i, 

where {Uija^i is a diagram of affine schemes mapping by etale maps to X . Then 
{{Ui)n)^^j is a diagram of affine schemes mapping by etale maps to X^. We also 
have 

(17.3.2) Xn = colim(?7i)„, 

i 

because the functor 5„ X5 — : Spg Sp^^ has a right adjoint, and hence preserves 
colimits. In particular, both colimit formulas (17.3.1) and (17.3.2) hold in the 
category of algebraic spaces, as well as in Spg. Therefore, assuming the theorem in 
the affine case, we can make the following formal computation in the category of 
algebraic spaces: 

coeq[X„ =r W*{X)nX] = coeq[colimi(f/j)„ ^ colimj W*{Ui) u colimj J/,] 

= coeq[colimi(C/i)„ =^ colim^ {W*{Ui)nUi)] 
= colim, cocq[(t/,)n ^ W^{Ui)nUi] 

= VK„*+i(colim,C/i) 

= w:^,{x). 

Hence we can assume X is affine. 

Let Y be an algebraic space, and let d: W*_i{X) uX -^Y he a, map such that 
the two compositions in the diagram 

iiOlD„+i 

SnXsX \ W:{X)nX i > Y 

agree. We want to show that d factors through a„. Because W*{X) uX is affine, 
by 10.7, there is a quasi-compact open algebraic subspace containing the image of 
d. Since we can replace Y with it, we may assume Y is quasi-compact. 

Take m ^ — 1 such that Y G AlgSp^. We will argue by induction on m. When 
m = — 1, the space F is a quasi-compact disjoint union of affine schemes; therefore 
it is affine. The result then follows because (17.1.1) is a coequalizer diagram in the 
category of affine schemes, by 8.1. 

Now suppose m > 0. Let e: F' — >■ F be an etale surjection, where Y' is an affine 
scheme. Then there is a etale surjection g: X' X, with X' affine, such that d 
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xx„ I w*{x' xx X') u{x'xx x') -^-^ w:+, (X' xx X') 



pr2 



X' 



W:(pri)Upri 



M^^+iCpi-i) 



tW*iX')uX 



W'{g)Ug 




W'^+iCprj) 



Figure 5 



lifts to a map d' as follows: 

W*(X')uX--^y' 

W*(X)uX— ^y. 
Indeed, the existence of such a map d' is equivalent to the existence of a lift /' 

X'--^Wn4Y') XsY' 

9 W„,(e)xe 
X^^Wn.{Y)XsY, 

where / is the left adjunct of d. This exists because Wn*{e) x e is an epimorphism 
of spaces, which is true by 11.4. 

Now let us construct the diagram in figure 5. The rows are diagrams of the form 
(17.1.1); to get d" , take the product of d' with itself over W*{X)nX and then 
apply 15.2(c). The maps a,a' ,a" have not been constructed yet. 

Since X' and X are affine, so m X' Xx X'; and since X' is etale over X, which 
is m-flat, X' and X' Xx X' are also m-flat. Also, since Y e AlgSp^, we have 

Y', Y' XyY' GA\g5p^_,. 

So, by induction, there are unique maps a' and a" such that d' = a' o c' and 
d" = a" o c". 

Now let us show a' o W*_|_i(prJ = pr^ oa", for i = 1,2. It is enough to show 

«'°W^n*+i(prJoc" = pr,oa"oc". 

Indeed, by induction the coequalizer universal property holds for the top row. Show- 
ing this equality is a straightforward diagram chase. 
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Therefore we have 

eo a' o W,*_|_j (prj^) = eo prj^ o a" = eo pr2 o a" = e o a' o (pr2) 

So, by the universal property of coequalizers apphed to the rightmost column, there 
exists a unique map a such that 

(17.3.3) aoW*^+^{g)=eoa'. 

Finally, let us verify the equality d = aoc. Because W* {g) u 5 is an epimorphism, 
it is enough to show 

do{w:{g)ug)=aoco{w:{g)ug). 
This follows from (17.3.3) and a diagram chase which is again left to the reader. □ 

17.4. Remark. It is typically not true that (17.1.1) is a coequalizer diagram in the 
category Spg. For example, if we take X = SpccZp[y/p] and consider the usual, 
p-typical Witt vectors, then ai is not an epimorphism in Sp^. 

18. The geometry of arithmetic jet spaces 

The main purpose of the section is to prove 18.3. We continue with the notation 
of 10.2. Let X be an algebraic space over S. 

18.1. Single-prime notation. Suppose that E consists of one maximal ideal m. Let 

W^+UX)^WUX) XsX 

denote the map (s„,i,k„+i) (in the notation of 10.6), and let / denote the ideal 
sheaf of Cw^„,(x)xs^ defining the closed immersion 

(18.1.1) (pr2,K„): Sn XsWn*{X)^Wn4X) XsX. 

Let B denote the sub-Ov(^^^(x)xs^'^l§®t)ra of Os' ^Wn„(x)xsX generated by 
the subsheaf m~"~^ ^- Observe that B is m-flat and satisfies 

(18.1.2) m"+^B D m"+i(m-"-i ^Os I)^ = I^- 
When necessary, we will write fx,Ix, Bx to be clear. 

18.2. Proposition. Suppose that E consists of one maximal ideal m. Let T he an 
m-flat algebraic space over W„*(X) X5 X. Then there exists at most one map g 

T^-^Wn+i.{X) 
\e 1/ 

Wn*{X) XsX 

lifl^ing the structure map g: T ^ Wn*{X) xs X. Such a lift exists if and only if 
IOt C xn^+^OT. 

Proof. Giving a map g: T ^ Wn+i*{X) is equivalent to giving a map W*_^_i{T) 
X. Such maps can be described using the diagram 

SnXsT =t W:{T) uT > W:+,{T), 

because it is a coequalizer diagram in the category of algebraic spaces, by 17.3. 
Therefore giving a map T Wn+i*{X) is equivalent to giving maps a: T ^ 
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Wn*{X) and b: T ^ X such that the diagram 



SnXsT- 



pr2 



W*{T) — 

where a' is the left adjunct of a, commutes. The commutativity of this diagram is 
equivalent to that of 



pr2 



(18.2.1) SnXsT- 

idxa 

Sn XsW^X) ^ 

This is because the following diagram commutes: 

idxa 



b 




, , W' (a) 

W*{T) ^^^-^ W*W, 



where e is the counit of the evident adjunction. (And this diagram commutes by 
the naturalness of u)„ and the definitions of a' and k„.) 

Let us now apply this in the case where we take (a, b) to be g. Then the map 
g required by the lemma is unique, and it exists if and only if (18.2.1) commutes. 
The commutativity of (18.2.1) is equivalent to that of 



(18.2.2) 



idx(priog) 



pr2 



SnXs Wn* (X) Wn* (X) X g X, 

where h denotes the map (pr2,K„) of (18.1.1). Because /i is a closed immersion, 
the commutativity of (18.2.2) is equivalent to requiring that the ideal / defining 
h pull back to the zero ideal on 5„ x 5 T, which is equivalent to the containment 
IOt Q m^+iOT- □ 

18.3. Theorem. Suppose that E consists of one maxim,al ideal m and that Wn+i*{X) 
is m-flat (10.11). Let B be as in 18.1. Then the unique map (W„*(X) X5 X)-map 

SpecBAw^„+i*(X), 

of 18.2 is an isomorphism. 

18.4. Remarks. In other words, we have 

(18.4.1) Wn+UX) = Spec0^y„,(x)x.x[m-"-^ <S)Os 1], 

which gives a concrete recursive description of Wn+i*{X) when it is m-flat. Note 
that, by 12.6, this flatness condition is satisfied when X is iJ-smooth. 
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18.5. Proof of 18.3. Fix, for the moment, an etale algebraic X-space U . Let 
Yu denote W„*(f/) xs U, and let Zu denote Spec Bu- Let Cu denote the full 
subcategory of algebraic spaces over Yu consisting of objects T which are m-flat 

and satisfy 

(18.5.1) IuOt C m"+^OT, 

where lu is the ideal sheaf defined in 18.1; let denote the full subcategory of 
C(7 consisting of objects which are affine over Yjj. 

First, observe that W„+i*(J7) is the terminal object of Cj/. Indeed, by 18.2, it 
is enough to show that Wn+i*{U) is m-flat; this is true because, by 11.1, it is etale 
over Wn+i*{X), which is m-flat by assumption. 

Second, observe that Zjj is the terminal object of C^: it is an object of Cjf 
by 18.1.2, and it is terminal by the definition of generated. 

Because of these two terminal properties, the theorem is equivalent to the state- 
ment that there exists a map W„+i*(X) — Zx of Ix -spaces, which is what we will 
prove. 

Let D be a diagram of etale algebraic spaces U over X (as above) such that each 
space U in the diagram is an object of AffRels and such that the induced map 

(18.5.2) co\imWn+i.{U) — > Wn+i*{X) 

is an isomorphism. The existence of D follows from 11.9. (One can in fact take 
D to consist of all such spaces U.) Then, for any map b: V ^ U of D, the space 
Wn+i*{V) is an object of C^"^. Indeed, the induced map Wn+i*{V) — >■ Yu is affine, 
because both the source and the target are affine schemes (10.3.2); and (18.5.1) is 
satisfied because we have IuOyv ^ W- 

Therefore, by the terminal property of Zu, for any such map b: V ^ U, there 
is a unique map F{b): Wn+i*{V) Zu of Yi/-spaces. In particular, the induced 
diagram 

, , F(idv) 
Wn+l4V) ) Zv 

w„+i,(;7) ^—^Zu 

commutes. In particular, the compositions 

W^+rAV)^^^Zu^Zx 
form a compatible family of Ix-maps, as U runs over D. This induces a Yx-map 

colimW„+i*(C/) -> Zx- 

!7eD 

On other hand, (18.5.2) is an isomorphism of Yx-spaccs. Thus there exists a map 

Wn+i^iX) Zx of Yx-spaccs, wliich completes the proof. □ 

18.6. Non-smooth counterexample. We cannot remove the assumption above that 
Wn+i,:{X) is m-flat. Indeed, the example in 12.7 shows that the locus of W„,(X) 
over the complement of SpecOg/m can fail to be dense in W„*(X). 

18.7. Corollary. If X is E-smooth, then the co-ghost map 

W^„.(X)^X[M 

is affine. It is an isomorphism away from E. 

It would be interesting to know whether this is true for arbitrary algebraic spaces 
X over S. 



42 



J. BORGER 



Proof. If E is empty, then is an isomorphism. If not, write E = E'uE", 
where E" consists of a single element. Let n' and n" denote the projections of n 
onto N(^') and N^^"). Then by (10.6.2), the map K^n can be identified with the 
composition 

By 11.1 and (10.4.9), the space W„'*(X) is E-smooth. Therefore, by induction, the 

second map above is affine and is an isomorphism away from E. Thus to show the 
first map is affine and is an isomorphism away from E, it is enough to prove the 
corollary itself in the case where E consists of a single element. 
In that factors as follows 

Wn*{X)^Wn-u{X) XsX^^^(W„_2*(^) XgX) XgX^ > X^°'"l 

Since X is -E-smooth, each Wi*{X) is i^-smooth and hence i^-flat. Thus, by 18.3, 
each of these maps is afBne and an isomorphism away from E. Therefore so is their 
composition k;^„. □ 
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